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The Instability Enhanced Friction theory [Baalrud et al., Phys. Rev. Lett. 103, 205002 (2009)] is

extended to account for the influence of neutral pressure in predicting the flow speed of each ion

species at the sheath edge of plasmas containing two ion species. Particle-in-cell simulations show

that the theory accurately predicts both the neutral pressure cutoff of ion-ion two-stream instabil-

ities and the ion flow speeds at the sheath edge as pressure is varied over several orders of magni-

tude. The simulations are used to directly calculate the instability-enhanced ion-ion friction force.

At sufficiently high neutral pressure, the simulations also provide evidence for collisional modifica-

tions to the Bohm criterion. Published by AIP Publishing. https://doi.org/10.1063/1.4986239

I. INTRODUCTION

The speed at which ions exit a plasma is a critical

parameter for the interpretation of plasma diagnostics,1 the

design of plasma-based manufacturing devices,2 and plasma-

material interactions in fusion experiments.3 It has recently

been appreciated that plasmas consisting of multiple ion spe-

cies are susceptible to ion-ion two-stream instabilities in the

presheath and that these instabilities influence the flow speed

of ions at the sheath edge.4 Ion-neutral collisions can disrupt

this instability and further modify the transport properties of

ions in the presheath. This work presents theory and simula-

tions describing how the flow speed of each ion species at

the sheath edge changes with neutral pressure.

Langmuir5 and Bohm6 predicted in single ion species plas-

mas ions reach the sheath edge at a speed exceeding the sound

speed. In this paper, the sheath-edge is defined as the region

where the ion density exceeds the electron density by 1% in the

direction from the bulk to the sheath.7 For plasmas with two

ion species, the Bohm criterion was generalized to be8,9
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where Vj is the flow speed at the sheath edge, nj is the density

of ion species j at the sheath edge, and ne is the electron den-

sity. The individual sound speed of ions is csi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBTe=mi

p
,

where kB is the Boltzmann constant, and Te and mi are the

electron temperature and ion mass, respectively. The con-

vention used in this paper is that the lighter ion species is

labeled 1, and the heavier labeled 2. The plasma is expected

to be quasi-neutral in the presheath so that n1þ n2¼ ne.

Equation (1) provides only one constraint and therefore

cannot uniquely determine both V1 and V2. One possible

solution, motivated by theoretical and numerical studies of

Franklin,10 suggested that each species obtains its individual

sound speed at the sheath edge. This Individual Sound Speed

(ISS) limit is obtained if the ion-ion drag is weak in the pre-

sheath, which is expected based on the predicted Coulomb

collision rate. However, the ISS model was challenged by

experimental measurements made using Laser Induced

Fluorescence11–15 (LIF). Initial experiments seemed to indi-

cate that ion-ion friction was strong and observed that the

ion flow speeds were close to a common system sound speed

[the System Sound Speed (SSS) model]

c2
s ¼

XN

i¼1

ni

ne
c2

si: (2)

Later work16 proposed that an Instability-Enhanced

Frictional Force (IEF) associated with ion-ion two-stream

instabilities may be the physical mechanism responsible for

the merging of the flow speeds observed in experiments.11–15

Ions of different mass will accelerate at different rates in the

presheath, creating a flow separation between species. Ion-

ion two-stream instabilities can be excited if the flow separa-

tion, V1 – V2, is larger than a critical value DVc. When two-

stream instabilities occur in the presheath, V1 � V2 cannot

significantly exceed DVc because the two-stream instabilities

generate an instability-enhanced friction force preventing

further separation. Thus, the instability creates a “stiff trans-

port” causing a restoring force that holds the flow difference

to be DVc. If no ion-ion streaming instabilities are present,

then the ions are sufficiently decoupled that the ISS model is

expected to be valid. The final condition for predicting the

differential flow speed at the sheath edge is then

V1 � V2 ¼ minfDVc ; jcs1 � cs2jg: (3)

Equation (1) (assuming equality in the inequality18) and Eq.

(3) constitute a closed system that uniquely determines V1

and V2. The threshold DVc is calculated from the dielectric

response function given the local plasma parameters (such as

species temperature, density, and mass) in the presheath.
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This theory predicts that V1 and V2 have a strong dependence

on the ion species concentrations, generally predicting that

the speeds range from the ISS solution in the dilute (impu-

rity) limit, merging toward the SSS condition at similar con-

centrations. Experiments that varied the ion species

concentrations at low neutral pressure (<1 mTorr) were

found to support the IEF predictions.17,18 More recent work

using particle-in-cell Monte-Carlo-collision (PIC-MCC) sim-

ulations of Helium-Xenon plasmas have also been shown to

agree with the predictions when DVc is accurately calculated

numerically.19 This work also cleared up a discrepancy

between theoretical predictions based on an approximate

model for DVc and previous PIC-MCC simulations.20

In this paper, the IEF theory is extended to account for the

influence of ion-neutral collisions. Neutral damping of the ion-

ion two-stream instability changes the instability threshold flow

difference, DVc. The pressure dependence of DVc is accounted

for in the theory by including a Bhatnagar–Gross–Krook

(BGK) type collision operator21 in the computation of the linear

response function. It is shown that for modest neutral pressures,

the neutral damping increases the requisite flow separation for

instability, DVc. Therefore, the flow speeds at the sheath edge

of both ions, V1 and V2, become dependent upon the neutral

pressure. At sufficiently high neutral pressure (10s of mTorr),

the instability is completely suppressed and the plasma is well

described by the ISS solution. Recent experiments were con-

ducted that demonstrated increasing the neutral pressure of the

system caused the ion flows to return to their individual sound

speeds at high pressures.22 Our work presents simulations that

agree with these experimental measurements and provides a

theoretical framework by which the sheath edge speeds can be

modeled.

This paper is divided as follows: Sec. II presents a the-

oretical model for ion-neutral collisions and the resulting

modification to the dielectric response function. Section III

uses the dielectric response function presented in Sec. II to

predict the speed of each ion species at the sheath edge as

neutral pressure is increased. Sections IV and V present

new PIC-MCC simulations of Helium-Xenon plasma over a

wide range of neutral pressures. Agreement is shown

between the predicted flows at the sheath edge and the

observations in the simulations. Further, a direct calculation

is made connecting the instabilities with an enhancement of

the ion-ion friction force which has not been done in previ-

ous works. Section VI presents simulations that suggest

deviations from Maxwellian ion velocity distribution func-

tions (IVDF) at the sheath edge resulting from ion holes in

phase space associated with the two-stream instability.

Section VII presents further theoretical predictions relevant

to experimental conditions.

II. DISPERSION RELATION INCLUDING ION-NEUTRAL
COLLISIONS

In this section, three different models for calculating

DVc from the dielectric linear response function are pre-

sented. The three models considered are no ion-neutral

collisions (Sec. II A), the BGK collision operator (Sec.

II B), and the Krook collision operator (Sec. II C). A linear

response description is justified because the scale over

which the plasma potential varies in the presheath for the

experimental conditions of interest (typically on the order

of centimeters) is much longer than the Debye-length-

scale wavelengths of interest (typically a fraction of a

millimeter).

In each case, the ion distribution functions are modeled

as drifting Maxwellians. This basic assumption can break

down at high neutral pressures where charge exchange col-

lisions can alter the IVDFs. However, comparison with the

PIC-MCC simulations will show that the predictions based

on drifting Maxwellians still agree well with the simulated

ion flow speeds based on moments of the IVDFs. Ion-ion

collisions are negligible in the presheath at low temperature

plasma conditions (ne � 108 � 1010 cm�3; Te � 1� 10 eV)

if it is stable and do not significantly modify the thresholds

for instability. Ion-ion collisions only become dominant

after the plasma surpasses the two-stream instability

threshold.

A. Collisionless model

For a collisionless one-dimensional plasma, the linear-

ized distribution function evolves in accordance with the

Vlasov equation

@f
ð1Þ
i

@t
þ vx

@f
ð1Þ
i

@x
þ qi

mi
Eð1Þ

@f
ð0Þ
i

@vx
¼ 0; (4)

where f
ð0Þ
i and f

ð1Þ
i are the ambient and perturbed distribution

functions, and qi is the charge of the species. Solving Eq. (4)

for the density perturbation and using Gauss’s law to relate

this to the potential perturbation provides the linear dielectric

response function.23 For a plasma with two ion species

described by drifting Maxwellian velocity distribution func-

tions, and adiabatic electrons, this can be written as

ê ¼ 1þ 1

k2k2
De

1�
X2

i¼1

1

2

Te

Ti

ni

ne
Z0ðniÞ

" #
; (5)

where k is the wavenumber, n1 ¼ DVðX� 1=2Þ=vT1; n2 ¼
DVðXþ 1=2Þ=vT2; DV ¼ V1 � V2 is the difference between

the ion flow speeds, Z0ðnÞ ¼ dZ=dn, Z is the plasma disper-

sion function, vTi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBTi=mi

p
is the ion thermal speed, and

kDe is the electron Debye length. Here, the parameter X is

defined by the substitution

x ¼ 1

2
kðV1 þ V2Þ þ kDVX (6)

in which x ¼ xRþ ic is the complex wave frequency. Here,

c¼ kDVXI is the growth rate, xR ¼ 1
2

kðV1 þ V2Þ þ kDVXR

is the real frequency, and XR and XI are the real and imagi-

nary parts of X, respectively.

B. Bhatnagar–Gross–Krook (BGK) model

Neutral damping of the ion-ion two-stream instability

can be modeled using the BGK kinetic equation21
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where �i–n is the ion-neutral collision frequency, n
ð1Þ
i is the

first order density perturbation, UiðvÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mi=2pkBTi

p
exp ð�v2=v2

TiÞ is a Maxwellian velocity distribution associ-

ated with stationary ions with respect to the neutral gas.

Again obtaining the linear dielectric response and

assuming drifting Maxwellian distributions provides24

êBGK ¼ 1þ 1

k2k2
De

1�
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i¼1

1

2
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ni

ne

Z0ðfiÞ
1þ i �i�n

kvTi
ZðfiÞ
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where f1¼DVðX�1=2Þ=vT1þi�1�n=kvT1;f2¼DVðXþ1=2Þ=
vT2þi�2�n=kvT2, and X is defined as in Eq. (6).

The conversion between the ion-neutral collision fre-

quency, �i–n, and the neutral pressure used was �i�n ¼ ng

ðPÞ rðvRÞ vR, where r(vR) is the velocity dependent cross-

section, ng(P) is the neutral gas density which is dependent

upon the neutral pressure, P, and vR ¼ jvi � vnj with vi the pro-

jectile ion speed and vn the target neutral speed. The ion flow

speed, Vi, is much greater than both the ion and neutral thermal

speeds in the presheath, Vi� vTi� vTn. Therefore, the relative

velocity between ions and neutrals is accurately approximated

as vR ’ Vi.

Ion-neutral cross sections which did not have readily

available data were modeled using the Langevin cross

section25

rL ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
papq2

�omR

s
1

vR
; (9)

where ap is the polarizability of the neutral, and mR is the

reduced mass, and �o is the permittivity of free space.

Helium has a polarizability of 1:38 a3
o and Xenon 27:06 a3

o,

where ao is the Bohr radius. The Langevin cross section

was used to model all the elastic scattering collisions

between ions and neutrals. Two cross sections from LXcat

for Heþ-He and Xeþ-Xe charge exchange were used in the

theoretical calculations.26,27 The Heþ-Xe and Xeþ-He

charge exchange collisions were modeled to be half that of

the corresponding elastic cross sections (Ref. 2, pg. 76).

Figure 1 illustrates all the energy dependent cross sections

used in simulations (to be presented in Sec. IV) and used to

model the ion-neutral collision frequency in the theory (to

be presented in Sec. III).

C. Krook model

We also include the Krook collision model21
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because it provides a commonly used estimate for neutral

damping of waves. Applying the same calculation for the

dielectric response function as in Sec. II B provides

êK ¼ 1þ 1

k2k2
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ne
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" #
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The Krook collision operator predicts that the growth rate of

instabilities is damped by subtracting the ion-neutral collision

frequency: xK¼xC – i�i–n, where xK and xC are the disper-

sions calculated by the Krook and collisionless theory.

D. Krook-BGK comparison

Direct numerical solutions for êBGK ¼ 0 and êK ¼ 0

were calculated for a Helium-Xenon plasma with

Te¼ 4.5 eV, Ti¼ 0.3 eV, nHe/ne¼ 0.07, ne¼ 7� 109 cm�3,

and DV ¼ 0:55jcsHe � csXej. These parameters are character-

istic of the simulations presented in Sec. IV. Figures 2(a) and

2(d) illustrate the calculation technique. Contours identifying

where the real part of the dielectric function is zero are

shown in black and where the imaginary part of the dielectric

function is zero are shown in magenta. The intersection of

these contours represents the wave modes. The mode corre-

sponding to the two-stream instability was chosen by identi-

fying the root with the maximum growth rate and a real

frequency between the Helium plasma frequency and the

Xenon plasma frequency. The dispersion relation as kkDe

varies from 0.03 to 3.0 is shown as a multiple-colored line in

Figs. 2(a) and 2(d).

Figure 2(b) shows the growth rate in the case of no ion-

neutral collisions and the growth rate for �i–n¼ 0.032 cs/kDe,

which is the smallest ion-neutral collision frequency required

to completely damp the two stream wave predicted by the

Krook model. Figure 2(e) shows the BGK predicted growth

rate for an ion-neutral collision frequency of 0.032 and 0.35

cs/kDe. Figure 2(e) shows that for the BGK model a collision

frequency of �i�n ¼ 0:35 cs=kDe is required to damp the two-

stream instability. This illustrates the general trend that the

Krook model predicts a lower ion-neutral collision frequency

cutoff for instability than the BGK. Figures 2(c) and 2(f) pre-

sent the predicted real frequency dispersion for the two

stream instability. No significant alterations to the real fre-

quency of the wave occur in either model that could be test-

able in a PIC-MCC simulation.

FIG. 1. Cross sections for various collisions in a Heþ-Xeþ plasma used in

our PIC-MCC simulations versus center-of-mass (COM) energy

(ECOM ¼ 1=2 mRv2
R). Elastic cross sections are in black, labeled (e). Charge

exchange cross sections are in red, labeled (cx).
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The neutral collision frequency cutoffs for the Krook

and BGK models convert to a neutral pressure of 6 mTorr

and 64 mTorr, respectively. These cutoffs were calculated

using P ¼ �i�n kB Tn=ðri�n viÞ with ri–n¼ 5� 10�15 cm2,

vi¼ 0.55 cs1, and Tn is the neutral gas temperature set to

300 K. The cross section ri–n is the total elastic cross section

calculated from Eq. (9) for Heþ at a speed vi. This represen-

tative calculation shows that the Krook and BGK models dif-

fer by an order of magnitude when calculating the neutral

pressure cutoff for the ion-ion two stream instability.

It is expected that the BGK dielectric should perform

better than the Krook as the Krook collision operator is

derived in the limit that the projectile and target particles

have disparate masses. We have included the Krook predic-

tions to highlight the deviations from BGK results.

III. INSTABILITY-ENHANCED FRICTION THEORY
INCLUDING ION-NEUTRAL COLLISIONS

The original IEF theory calculated V1 and V2 using Eqs.

(1) and (3). The critical differential flow for the onset of the

two stream instability, DVc, in Eq. (3) was calculated from

the collisionless dielectric response function, Eq. (5). Here,

we extend the theory to include neutral collisions by calcu-

lating DVc from the Krook dielectric, Eq. (11), and the BGK

dielectric, Eq. (8).

We focus on a plasma with a concentration mix of 7%

Heþ and 93% Xeþ because this mix was shown in the previ-

ous work to produce strong instabilities.19 The simulations

presented in Sec. IV were set to attempt to achieve the same

mixture.

Numerical calculations of DVc are presented in Fig. 3.

These were created by iteratively calculating the growth rate

of the two-stream wave in order to find the differential flow

and pressures where the maximum growth rate is zero. The

dotted line represents the difference between individual sound

speeds in units of the Heþ thermal velocity, which is the max-

imum energetically obtainable differential flow speed in the

presheath. The threshold differential velocities were calcu-

lated for parameters relevant to the simulations presented in

Sec. IV. Two solid black lines labeled (A) and (B) represent

the differential flow boundary for instability predicted by the

BGK model. These two contours represent the extremes of the

plasma parameters observed in our simulations. Contour (A)

was calculated using parameters Ti¼ 0.40 eV, Te¼ 4.0 eV, n1/

ne¼ 0.07, and ne¼ 7� 109 cm�3 and contour (B):

Ti¼ 0.46 eV, Te¼ 3.7 eV, n1/ne¼ 0.035, and ne¼ 1.5

� 1010 cm�3. The average energy for ions in the presheath

FIG. 2. Panels (a) and (d) show contours of Refêg ¼ 0 (black) and Imfêg ¼ 0 (magenta) for kkDe¼ 0.03 (solid lines) and kkDe¼ 3 (dashed lines). Crossing

points represent wave modes. The colored contours show the ion-ion two-stream wave dispersion as the wavenumber is varied, with the color representing the

wavenumber shown on the colorbar. (a)–(c) Show results from the collisionless dielectric from Eq. (5), as well as the growth rate from the Krook dielectric

with �i–n¼ 0.032 cs/kDe. (d)–(f) Results from the BGK dielectric function from Eq. (8). Panel (d) uses �i–n¼ 0.35 cs/kDe, panel (e) shows the BGK growth rates

using �i–n¼ 0.032 cs/kDe and 0.35 cs/kDe, and panel (f) shows the real frequency using �i–n¼ 0.032 cs/kDe, but the real frequency is indistinguishable from the

result shown if �i–n¼ 0.35 cs/kDe is used.

FIG. 3. Threshold differential flow for instability versus neutral pressure.

There are two contours of the BGK model labeled (a) and (b) (solid lines).

The Krook model is denoted by the dashed line. A dotted line shows the dif-

ference in sound speeds in units of the Heþ thermal speed with Ti¼ 0.46 eV

and Te¼ 3.7 eV.
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observed in our simulations was 1 eV. The total elastic cross

sections for Heþ and Xeþ at 1 eV were 4� 10�15 cm2 for

both species, calculated using Eq. (9). This cross section

approximated the average effect of ion-neutral collisions in

the presheath. The dashed line is the differential velocity

boundary calculated from the Krook model using the same

parameters as contour (A).

The main result illustrated in Fig. 3 is that ion-neutral

collisions act to increase the flow separation required to

excite the instability. To calculate the individual flow speeds

of each ion at the sheath edge, DVc was taken from Fig. 3 at

every neutral pressure and input into Eq. (1) and Eq. (3) to

solve for V1 and V2. The predictions are displayed in Fig. 4

which shows that as neutral pressure increases ions transition

from a speed influenced by IEF toward their individual

sound speeds gradually over a decade in the neutral pressure.

IV. PIC-MCC RESULTS WITH ELASTIC ION-NEUTRAL
COLLISIONS

A. Code description

Simulations were carried out using the PHOENIX1D
code, which was also used in previous work to examine the

two ion species sheath problem.19 PHOENIX1D is an elec-

trostatic single spatial dimensional, three velocity dimen-

sional PIC-MCC code. The domain was 10 cm long and

sectioned into 1000 grid segments. Particles were generated

throughout the domain by ionization reactions determined by

a Monte Carlo electron-neutral collision routine.28 Electrons

were heated by a sinusoidal electric field perpendicular to

the domain with a frequency of 13.56 MHz29 (modeling an

inductive radio-frequency discharge). The time step of the

simulation was 1/2000 of the 13.56 MHz wave period or 37

ps. Particles were lost in the simulation upon traversing

across grounded completely absorbing boundaries with no

secondary electron emission. The gas constituents were

Helium and Xenon. The code was run until a steady state

was reached, where the rate of particle loss to the walls

balanced the rate of particles gained by ionization. This

equilibration time was approximately 200 ls. Data address-

ing the plasma dynamics were collected after this equilibra-

tion stage.

A Monte Carlo ion-neutral collision scheme was intro-

duced that followed the method outlined in Vahedi and

Surendra.28 The ion-neutral elastic cross sections used in the

simulations are displayed in Fig. 1. We made one alteration

to the numerical scheme. A running total of the fractional

number of ions undergoing a collision was kept. When the

total was greater than one, a neutral collision was modeled

and the counter lost one collision. This routine was made to

capture the number of ion-neutral collisions when the neutral

pressure was small and when the simulations were in the

equilibration process.

Generating particles from ionization collisions caused

the species temperature and density profiles to be dependent

upon the neutral pressure (i.e., the electron temperature

depends on pressure in the type of inductive discharge being

simulated2). A singular energy dependent collision probabil-

ity for electron-neutral collisions was established to make

the sourcing rate of charged particles consistent for all

simulations.

B. Flow speeds at the sheath edge

Figure 4 displays the results of our simulations overlaid

with theoretical predictions for the ISS (dashed), the IEF-

Krook (dashed-dot), and the IEF-BGK (solid-shaded) flow

speeds of each ion species at the sheath edge as neutral pres-

sure is varied over four orders of magnitude. Data points rep-

resent simulated flow speeds of Heþ (blue) and Xeþ (red) at

the sheath edge where charge neutrality was first violated by

1%, (nHeþ nXe)/ne � 1¼ 0.01, when traversing from the

bulk to the sheath. Error bars correspond to velocities mea-

sured when the quasi-neutrality condition was violated by

0.5% (low error bar) to 1.5% (high error bar).

The IEF-Krook and IEF-BGK predictions for the flow

speed of both ions at the sheath edge in Fig. 4 were calcu-

lated from the thresholds shown in Fig. 3. Good agreement is

observed between the IEF-BGK theory region and the simu-

lated flow speeds, but not for the Krook model. This supports

the expectation that the more complete BGK collision model

leads to more accurate predictions for the flow speeds, and it

highlights that substantial errors can arise when applying the

simple, but crude, Krook model.

Figure 4 shows three regimes of neutral pressure when

predicting the flow speed labeled IEF, IEF-BGK, and ISS.

The IEF regime is the low pressure regime where the pre-

dicted flow speeds do not depend significantly on the neutral

pressure. For the simulated plasma parameters this was for

pressures less than 1 mTorr. The IEF-BGK regime is an

intermediate pressure regime where the predicted flow

speeds are well modeled using the BGK ion-neutral collision

operator. This regime of pressures was recently tested exper-

imentally.22 The Individual Sound Speeds (ISS) regime is

the high neutral pressure regime where the two stream insta-

bility is predicted to shut off and the flow speed at the sheath

FIG. 4. Simulated Xeþ (red) and Heþ (blue) flow speeds at the sheath edge.

Theoretical predictions from the IEF-BGK model (shaded region) and IEF-

Krook model (dash-dotted line) were calculated using the parameter range

and data from Fig. 3. The individual sound speeds and the system sound

speed (magenta) are also shown (dashed lines).
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edge is the individual sound speed of each ion species. For

the simulation parameters, this occurred above 40 mTorr.

C. Collisional damping of the instabilities

Electron density fluctuations were analyzed in the pre-

sheath for simulations representative of the IEF, IEF-BGK,

and ISS pressure regimes. Figures 5(a)–5(c) display the

Fourier transforms of electron density fluctuations, dne(k, x),

normalized to the steady state density, no
eðkÞ, over a segment

of the domain ranging from 0.3 cm to 1.6 cm from the left

wall for simulations corresponding to 0.02 mTorr, 20 mTorr,

and 55 mTorr. The largest amplitude fluctuations were

observed in the low pressure IEF regime, while virtually no

fluctuations were observed in the high pressure ISS regime.

The amplitude of fluctuations was observed to diminish con-

tinuously over the intermediate IEF-BGK pressure regime.

Overlaid on each FFT spectrum is the real frequency and

growth-rate calculated from Eq. (8) using the ions’ tempera-

ture and density at 0.3 and 1.6 cm from the left wall. Good

agreement is found between the fluctuations observed in the

simulations and the dispersion calculated using local plasma

parameters. Note that the differences in the predicted real

frequency dispersion across the pressure regimes results

from the local plasma conditions changing. The density fluc-

tuation spectra provide evidence that support the ability of

the BGK dielectric function to accurately quantify the damp-

ing of the two-stream wave.

D. Direct calculation of instability-enhanced friction

In the sections above, we have shown that if the flow

difference is above a critical threshold, ion-ion two-stream

instabilities are excited. The ion flow speeds were also

observed to merge when the instabilities were present. In this

section, we now explicitly demonstrate that this merging

occurs because of an enhanced ion-ion friction force that

acts to speed up the Xeþ and slow down the Heþ.

Previous simulations19 had approximated the friction

between species as the difference between the electric force

density supplied by the potential gradient in the presheath

and the kinetic force density of the particles. This section

advances the simulation tests of the theory by removing this

assumption and showing directly that the momentum

exchange between ion species is due entirely to the friction

force produced by the ion-ion two-stream instability.

Quantification of the friction force can be obtained from

the momentum moment of the kinetic equation for the Heþ

species (species 1)

@f1

@t
þ vx

@f1

@x
þ q1

m1

E
@f1

@vx
¼ C1�2ðf1Þ þ C1�nðf1Þ: (12)

Here, C1–n represents the ion-neutral collision operator

associated with the MCC model described above. C1�2 ¼
�ðq1=m1Þ@=@vx � hdf1dEi represents the ion-ion collision

operator associated with particles interacting with electric

field fluctuations resolved by the grid (in particular, wave-

particle interactions associated with the instability, but not

standard Coulomb collisions, which are not resolved by

the grid because they occur at spatial scales much less

than the Debye length). Taking the momentum moment of

Eq. (12) yields a time averaged momentum balance

equation

d

dx

ð
d3v mv2

x f1

� �
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

K

� n1q1E|fflffl{zfflffl}
E|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

R

¼ R1�2 þ R1�n; (13)

where R1�2 ¼
Ð

d3v m1vxC1�2ðf1Þ is the instability enhanced

frictional force density, and R1�n ¼
Ð

d3v m1vxC1�nðf1Þ is the

ion neutral drag density. In Eq. (13), the kinetic force density

of Heþ has been label K, the electric force density E, and the

difference has been labeled R for residual.

FIG. 5. Fourier transforms of electron

density fluctuations in the presheath at

(a) 0.02 mTorr, (b) 20 mTorr, and (c)

55 mTorr. Overlaid curves in black

indicate the predicted real frequency

spectrum of the instability calculated

from Eq. (8) at 0.3 and 1.6 cm from the

left wall of the simulation. Curves in

black-dashed-dotted display the growth

rate that has been amplified by a factor

of 70 for visual purposes. (d)–(f)

Momentum terms from Eq. (13) calcu-

lated over the same simulation domain

used in the FFT density fluctuations

plots in the top row: electric force den-

sity (blue), kinetic force density (black),

neutral drag density (green), instability-

enhanced friction force density (red),

and the residual of the electric and

kinetic curves (cyan).
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The instability enhanced friction force density, R1–2,

was calculated directly by writing the ion-ion collision oper-

ator in terms of its definition as the time correlation of the

perturbations of the electric field and velocity gradient of the

distribution function30

R1�2 ¼ �
q1

m1

ð
d3v m1vx

�
@ df1

@vx
dE

�
; (14)

which can then be integrated by parts to yield

R1�2 ¼ q1hdn1 dEi ¼ q1hðno
1 � n1ðtÞÞðEo � EðtÞÞi; (15)

where E(t) and n1(t) are the electric field and density profiles

at a specific time, t, no
1 and Eo are the steady state density

and electric field profiles, and h…i represents a time

average.

Each of the four terms in Eq. (13) were calculated

directly. Simulations were run until a steady-state was

reached. The steady-state density no, potential /o, and sec-

ond moment of the distribution function were obtained by

averaging over 14 ls (200 rf periods). The steady state den-

sity and potential gradient yielded the electric term, E, while

the gradient of the second moment of the distribution func-

tion yielded the kinetic term, K. R1–2 was calculated using

Eq. (15) at every grid cell then time averaging over 14 ls.

The friction force density due to ion-neutral drag was

directly calculated each time step by calculating the momen-

tum of each particle before and after the ion-neutral collision

routine. The particles’ change in momentum due to neutral

collisions was weighted on the grid and the drag density was

determined at each grid point.

Figures 5(d)–5(f) displays the magnitude of each term,

K (black), E (blue), R1–n (green), R1–2 (red), from Eq. (13)

obtained from the simulations in a domain spanning from

0.3 cm to 1.6 cm from the left wall. At low pressure, the

instability-enhanced friction force (red) is observed to be the

dominant drag term balancing the electric field and kinetic

force densities. However, as neutral pressure increases the

neutral drag term (green) becomes important. At 20 mTorr

each is approximately the same magnitude. At high pressure,

the neutral drag becomes the dominant term balancing the

electric field force.

The magnitude of the IEF term is observed to be highly

correlated with the relative magnitude of instabilities

observed in Figs. 5(a)–5(c). This further supports the IEF

theory because the friction observed in the simulations is

correlated with the growth rate of the instabilities.

Furthermore, the observed decrease in the ion-ion friction

force with the decrease in the growth rate as neutral pressure

increases supports the prediction that neutral damping of two

stream instabilities influences the ion flow speeds.

In the previous work,19 the magnitude of the instability

enhanced friction term, R1–i, in Eq. (13) was approximated

by taking the difference of the kinetic and electric terms. The

difference was denoted by the residual, R. In each plot in

Figs. 5(d)–5(f), the cyan line represents residual term of the

electric and kinetic terms. Figure 5(d) shows that the direct

calculation of the instability enhanced friction term shown in

red is consistent with the residual of the electric and kinetic

terms shown in cyan, therefore showing that the momentum

exchange between ions is entirely due to the instability

enhanced friction at low pressure. The differences between

the residual and the direct calculation can be attributed to

statistical noise in the PIC-MCC simulations. At higher pres-

sures, the residual consists of contributions from both IEF

and ion-neutral drag. These results have verified that the

momentum exchange between particles is exclusively

explained by the instability-enhanced friction force from the

ion-ion two stream instability at low pressure.

V. PIC-MCC INCLUDING CHARGE EXCHANGE
COLLISIONS

Simulations were conducted over a range of neutral

pressures from 1 mTorr to 110 mTorr including both charge

exchange and elastic ion-neutral collisions. In the simula-

tions, the charge exchange cross sections for Xeþ-Xe and

Heþ-He were taken from LXcat, while those for Xeþ-He and

Heþ-Xe were taken to be half of the Langevin cross section.

Again, the average ion energy was 1 eV. The total charge

exchange cross section for Heþ and Xeþ at 1 eV was

3.8� 10�15 cm2 and 9.0� 10�15 cm2. The total cross section

(elastic plus charge exchange) was taken to be 1.3� 10�14

cm2 in the IEF-BGK theory.

Figure 6 presents the measured flow speed for Heþ

(blue) and Xeþ (red) ions at the sheath edge in the simula-

tions. This shows that even with charge exchange collisions

the IEF-BGK theory still accurately predicts the flow speeds

below the neutral pressure threshold for instability. The plot

displays three theoretical models. First, the ISS model for

csHe and csXe is shown as dashed lines. Second, the IEF-BGK

theory is shown in solid lines bounding a shaded region indi-

cating the predicted range in flow velocities. Third, a

FIG. 6. Ion flow speed at the sheath edge from simulations including charge

exchange collisions for a spectrum of neutral pressure. Xeþ is red. Heþ is blue.

The BGK predictions are in solid lines enclosing a blue shaded region, which

encapsulates predictions for the parameters: Te¼ 4.0–3.8 eV, Ti¼ 0.40–0.45 eV,

n1/ne¼ 0.035–0.07, ne¼ 1� 1010 cm�3, ri–n¼ 1.3� 10�14 cm2. A collisional

Bohm criterion, Eq. (16), is also plotted as a dashed-dot line and used the sheath

edge values: Te¼ 3.6 eV, ne¼ 7.0� 109 cm�3, ri–n¼ 1.3� 10�14 cm2.
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collisional Bohm criterion is shown in a dashed-dot line for

both species.

Examining Fig. 6, pressure regimes can again be

assigned based upon the observed data as before. For our

simulation parameters, the same three pressure regimes IEF

(0–3 mTorr), IEF-BGK (3–13 mTorr), and ISS (13–20

mTorr) were observed. However, an additional pressure

regime was observed at neutral pressures over 40 mTorr,

where the speed of both ion species were observed to

decrease below their respective sound speeds. This behavior

violates the generalized Bohm criterion from Eq. (1). Results

from a collisional Bohm criterion31

usi
¼ csiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ p
2

kDes

ki�n

r (16)

are displayed in Fig. 6. Here, ki�n ¼ ðngri�nÞ�1
is the ion-

neutral mean free path and kDes
is the electron Debye length

at the sheath edge. The data in Fig. 6 agree with the colli-

sional Bohm criterion for pressures> 40 mTorr, but the

onset of the collisional Bohm speed is not well modeled for

lower pressures between 13 and 20 mTorr.

The IEF-BGK theory was observed to accurately predict

the ion flow speeds up until the neutral pressure cutoff for

instability. Above the neutral pressure cutoff for instabilities,

the solution transitions to the traditional ISS, or the pressure

becomes sufficiently high that the Bohm criterion becomes

suspect, and modifications due to strong ion-neutral drag

must be considered.

VI. IVDFS AT THE SHEATH EDGE

Helium and xenon ion velocity distribution functions

(IVDFs) time averaged for 37 ls at the sheath edge are pre-

sented in Fig. 7 from simulations that included charge

exchange collisions. Figure 7 shows that the Heþ IVDF was

observed to be double peaked when the two stream instabil-

ity was present. This was an unexpected result as the two

humped distribution had a sub sonic (relative to the helium

sound speed) population that was predicted by the IEF-BGK

theory, as well as a supersonic population. However, the

flow moment of the distribution function produced flow

speeds that agreed with the theoretical predictions.

Figure 8 shows the phase space distribution of helium

ions in the 0.02 mTorr simulation from the midpoint of the

domain to the right end wall that has been time averaged for

3 ls. At 3.5 cm from the midpoint of the simulation, a

depleted region in velocity space forms in the plasma that

expands all the way to the sheath edge located around 4.7 cm

from the center. This depleted region is thought to be associ-

ated with an ion phase space hole generated by the two-

stream instability. Figure 8 shows that helium ion holes prop-

agate in the presheath and cause the helium IVDF to have

two distinct populations corresponding to trapped and

untrapped particles.

Holes in velocity space are an extensively studied32 phe-

nomena and have been shown to be the steady state solution

for two-stream unstable plasmas. Our simulations provide

evidence that a large amplitude two-stream instability may

generate these ion holes in the presheath and effectively cre-

ate two distinct populations of ions. Figure 5(a) shows den-

sity fluctuations existing outside the wavenumber range

predicted by the linear theory indicating that the instability

has non-linear components that may be associated with ion

velocity-space holes.

However, we note that this effect was not seen in IVDFs

measured using LIF.14 The formation of ion holes in the sim-

ulations is possibly an artifact associated with having a sin-

gle spatial dimension. It has been noted in the literature33,34

that the generation of holes in velocity space in three spatial

dimensions requires an anisotropy in the distribution func-

tion usually supplied by a magnetic field. Simulations of

streaming instabilities in one dimension, however, have no

such criterion and can generate phase-space holes readily. It

is possible that the ion holes observed in our simulations are

a result of our one dimensional setup and that the experiment

in three dimensions is sufficiently isotropic that it precludes

FIG. 7. IVDF of Helium (dotted-

dashed) and Xenon (solid) at the

sheath edge. The Helium IVDF has

been magnified so that its maximum

value is half that of the Xenon value

for visual clarity.

FIG. 8. Time averaged (3 ls) phase space for the Helium species in a 0.02

mTorr PIC-MCC simulation showing velocity space holes caused by the

two-stream instability in the presheath.
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the generation of velocity-space holes. Further analysis will

be needed to diagnose if ion holes can play a role in the 3D

dynamics of the presheath of multiple ion species plasmas.

VII. PREDICTIONS AT EXPERIMENTAL CONDITIONS

Since the simulations support the theoretical model, we

applied the theory to predict the stability boundaries at other

experimentally relevant conditions. Argon-Xenon is a com-

mon mixture used in experiments because both species

velocity distribution functions can be measured using LIF.

Figure 9 presents the differential flow velocity threshold of

instability as a function of neutral pressure for an Ar-Xe

plasma with plasma parameters: Te¼ 1.0 eV, Ti¼ 0.04 eV,

and ri–n¼ 1� 10�14 cm2. Figures 9(a) and 9(b) correspond

to an Argon/Xenon mix of 50–50 and 10–90, respectively.

The 50–50 mix has been traditionally examined experimen-

tally in the two ion species sheath problem.11–15,22

Both figures show how increasing the electron density

increases the neutral pressure cutoff for the ion-ion two

stream instability. The main result is that the two stream

instability persists into the tens of mTorr range at low plasma

densities (108 cm�3) up until one hundred mTorr at a high

plasma density (1010 cm�3). This suggests that ion-ion two

stream instabilities could exist in higher pressure discharges

than previous measurements (10s of mTorr). One caveat is

that at such high pressures, some of the assumptions made

start to break down, such as Maxwellian ion distributions,

and the validity of the Bohm criterion, as shown in Fig. 6.

VIII. SUMMARY

The IEF theory was extended to account for ion-neutral

collisions. Tests using PIC-MCC simulations were found to

agree well with the predicted flow speed of each ion species

over a wide range of neutral pressures. Neutral damping of

the two-stream instability was identified as the mechanism

that causes the ion flow speeds to separate with increasing

pressure, eventually reaching their individual sound speeds

at high neutral pressure. The PIC-MCC simulations suggest

this theory is accurate when charge exchange collisions are

included, and therefore could be used in the interpretation of

experimental diagnostics, the design of plasma-based materi-

als processing tools, and in global plasma models,35 all of

which depend on the accurate modeling of ion flow speeds at

the sheath edge. These results may also contribute to

progress in modeling plasma-boundary interactions in plas-

mas with more than two ion species.36
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