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The recently proposed effective potential theory [Phys. Rev. Lett. 110, 235001 (2013)] is used to

investigate the influence of coupling on inter-ion-species diffusion and momentum exchange in

multi-component plasmas. Thermo-diffusion and the thermal force are found to diminish rapidly as

strong coupling onsets. For the same coupling parameters, the dynamic friction coefficient is found

to tend to unity. These results provide an impetus for addressing the role of coupling on diffusive

processes in inertial confinement fusion experiments. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4986086]

I. INTRODUCTION

Transport effects associated with multiple ion species

have recently been attracting much attention in inertial con-

finement fusion (ICF). In particular, it has been suggested that

strong background gradients introduced during the implosion

can separate fusion fuel constituents, resulting in yield degra-

dation.1–13 The same ion diffusion mechanisms that govern

species separation in the fuel underlie mixing at the shell/fuel

interface14–20 and at the inner boundary of the hohlraum.21 In

turn, describing these mix phenomena is often regarded as a

crucial challenge faced by the ICF program.

The present paper provides physics insights into how the

basic diffusion mechanisms and closely related momentum

exchange can be affected by ion coupling. Our earlier work

on ion diffusion in weakly coupled plasmas has found that

thermo-diffusivity is comparable to barodiffusivity in low-Z

mixtures and much larger than barodiffusivity in low-Z/high-

Z mixtures.7 This finding came in contrast to what had been

known from the conventional theory of neutral gas mixtures,

in which thermo-diffusion is usually much less significant

than baro-diffusion.22 Subsequent work23,24 gave identical

prediction.25,26 However, during the course of an implosion,

the fuel plasma of hydrogen and helium isotopes can become

sufficiently dense that ion correlations can influence transport

rates. Interfacial plasmas involve dense high-Z components

such as carbon or silicon ions from the ablator, or gold or ura-

nium ions from the hohlraum wall, and are also very likely to

be strongly coupled.

On the one hand, the finite coupling can result in the ideal

gas equation-of-state being inadequate for inertially confined

plasmas, thus noticeably affecting the implosion perfor-

mance.27 On the other hand, it greatly complicates the physics

behind the transport properties as the particle collisions can no

longer be considered binary.28,29 To describe the evolution of

relative species concentrations during the implosion, one

needs a full set of hydrodynamic equations with appropriate

transport fluxes. In turn, developing such a framework

requires both thermodynamic and kinetic analyses.

Here, we present the kinetic analysis of the momentum

exchange in a binary ionic mixture (BIM) with electrons pro-

viding the neutralizing background. We utilize the recently

proposed effective potential theory (EPT),30,31 which models

many-body correlation effects by treating binary interactions

as occurring via the potential of mean force in place of the

screened, Debye-H€uckel potential. Our study indicates that

with substantial coupling, the thermal force, and therefore

thermo-diffusion, rapidly diminishes, making it similar to

the conventional case of a neutral gas mixture.22 These

results motivate a need to investigate further the influence of

strong coupling on diffusive processes in ICF.

A physical interpretation for the above finding can be

suggested by recalling that thermo-diffusion arises due to the

deviation of a species distribution function away from

Maxwellian.32–34 Since the collision rate is low in weakly

coupled plasmas, the distribution functions are easily per-

turbed by thermodynamic forces. Consequently, the thermo-

diffusion rate is often of comparable importance with other

diffusive processes. In contrast, as strong coupling onsets, the

Coulomb collision frequency approaches a significant fraction

of the plasma frequency.30 The plasma frequency, in turn,

defines the fastest timescale for collective particle dynamics.

Thus, the plasma becomes so collisional that thermodynamic

forces cannot deviate the distributions from Maxwellian sub-

stantially, causing thermo-diffusion to diminish.

This interpretation is supported by considering the other

diffusion-relevant transport quantity, dynamic friction,

which counteracts species separation. In gases, the friction

between two species can usually be evaluated by considering

two Maxwellian distributions drifting with respect to each

other, whereas in the weakly coupled plasma, higher order

corrections to Maxwellian are known to give an order unity

contribution.35 One consequence of this complication is that

all ion species are intertwined: the friction between two

given species is influenced not only by the inter-species but

also by intra-species collisions. Furthermore, in a plasma

with three and more ion species, the friction between two

given species would depend not only on these species’ ther-

modynamic states but also on the states of all other iona)E-mail: kagan@lanl.gov
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species. In agreement with the logic of the preceding para-

graph, this feature is found to disappear for coupling parame-

ter C � 1. On the other hand, for such C, the species are

intertwined at a deeper level since the effective interaction

potential, and therefore collision frequency, between and

within two ion species depends on other species present in

the plasma. The case of small, though finite, C is thus the

most complex from the transport point of view as both of the

above mechanisms are generally at play.

In the section to follow, we present the EPT based eval-

uation of the inter-ion-species transport in a plasma with two

ion species. Then, in Sec. III, we discuss physical interpreta-

tions and practical implications for the ICF of the obtained

results.

II. EVALUATION OF THE TRANSPORT COEFFICIENTS

We consider a plasma with two ion species with the ion

charges Z1 and Z2, ion masses m1 and m2, number densities

n1 and n2, and mass densities q1 and q2, where subscripts “1”

and “2” denote the light and heavy ion species, respectively.

There is only one independent ion concentration, and so, we

will operate with the light species mass fraction c ¼ q1=q,

where q ¼ q1 þ q2 is the total mass density. Similarly, there

is only one independent ordinary diffusion coefficient and

one independent thermo-diffusion coefficient, and so, for

definitiveness, we will be considering D12 and D
ðTÞ
1 . Notation

and transport formulas for the general N-ion-species case can

be found in the literature32–34,36,37 and, for this paper to be

self-contained, are also summarized in Appendix A in the

form convenient for practical use.

The leading order approximation to the ordinary diffu-

sion coefficient ½D12�1 physically corresponds to the situation

where the two diffusing species are described by Maxwellian

distributions drifting with respect to each other. The mathe-

matical expression can be found in earlier works32–34 and

retrieved from Eq. (A1) of Appendix A by setting n ¼ 1

D12½ �1 ¼ �
nikBTim1 1� cð Þ

ql12�12

; (1)

where ni ¼ n1 þ n2 is the total number density of the ion

species and kB is the Boltzmann constant, and the collision

frequency between plasma species a and b is defined as

�ab ¼
4
ffiffiffiffiffiffi
2p
p

Z2
aZ2

be4c3=2

ab nb

3l2
ab

Nab: (2)

In Eq. (2), lab ¼ mamb=ðma þ mbÞ is the reduced mass and

cab ¼ cacb=ðca þ cbÞ, with ca � ma=ðkBTaÞ and T1 ¼ T2 �
Ti need to be set for ion species with comparable masses.

Finally, Nab � Nð1;1Þab is the lowest order generalized

Coulomb logarithm, which was introduced in Ref. 30.

Equation (2) reduces to the familiar expression in the weakly

coupled limit, in which Nab becomes the conventional

Coulomb logarithm lnK.38

In expression (1), particle collisions manifest themselves

solely through the inter-species collision frequency �12. The

more non-trivial collisional effects appear in higher order

approximations to the ordinary diffusion coefficient. These

account for the deviation of the species’ distribution func-

tions from Maxwellian, which is established through the

interplay between the inter- and intra-species collisions. To

quantify the resulting correction to the ordinary diffusion

coefficient, we introduce

A12 ¼ D12½ �1=D12 (3)

and so, the full diffusion coefficient can be written as

D12 ¼ �
nikBTim1 1� cð Þ

A12ql12�12

: (4)

Thermo-diffusion is conveniently quantified with

B ið Þ
1 ¼

D Tð Þ
1

D12

cni

n1

: (5)

To elucidate the physics behind the dimensionless

parameters A12 and B
ðiÞ
1 , it is useful to write the fluid momen-

tum conservation equations for each ion species. Then, it can

be shown that in order to recover the thermodynamic expres-

sion for the diffusive flux,39 the rate of the collisional

momentum exchange between the two ion species must take

the following form:6

~R12 ¼ �A12l12n1�12ð~u1 �~u2Þ � B
ðiÞ
1 n1kBrTi; (6)

where the first and second terms on the right side are referred

to as the dynamic friction and the ion-ion thermal force,

respectively, and ~ua stands for the fluid velocity of species a.

Equations (3) and (5) on the one hand and Eq. (6) on the

other hand show the close connection between the momen-

tum exchange and diffusion. This will be used for both

developing physics understanding of the basic trends in the

diffusion coefficients and quantifying these trends through

the dimensionless parameters A12 and B
ðiÞ
1 .

We notice here that a recent study applying EPT to ordi-

nary diffusion40 concluded that the higher order corrections

to D12 are small, which in our terms would mean that A12 is

identically equal to one. Likely, this is because this reference

concentrated on the strongly coupled regime only, thus not

considering the physics of the transition between the weakly

and strongly coupled regimes.

We now proceed to the evaluation of A12 and B
ðiÞ
1 using

EPT. The generalized Coulomb logarithms are computed as

described in Ref. 30

N l;kð Þ
ab ¼

1

2

ð1
0

dn n2kþ3e�n2

�r lð Þ
ab=ro; (7)

where

�rðlÞab ¼ 2p
ð1

0

db b 1� coslðp� 2HÞ
� �

(8)

is the momentum transfer cross section, and

H ¼ b

ð1
ro

dr r�2 1� b2=r2 � 2/abðrÞ=ðmabu2Þ
h i�1=2

(9)
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is the scattering angle. Here, ro ¼ pZ2
aZ2

be4c2
ab=ð4l2

abÞ is a

defined reference cross section.

The input to the theory is the interaction potential, /ab in

Eq. (9), which is taken to be the potential of mean force. The

potential of mean force is obtained by taking two particles at

fixed positions and averaging over the positions of all other

particles in the system. At equilibrium, it is related to the

radial distribution function as gabðrÞ ¼ exp ð�/abðrÞ=kBTÞ.
Here, we use the hypernetted chain (HNC) approximation to

model the radial distribution function41

gabð~rÞ ¼ exp �vabð~rÞ=kBT þ habð~rÞ � cabð~rÞ
� �

; (10a)

ĥabð~kÞ ¼ ĉabð~kÞ �
X

j

njĥajð~kÞĉjbð~kÞ ; (10b)

where habðrÞ ¼ gabðrÞ � 1 and ĥabð~kÞ denotes the Fourier

transform of habð~rÞ.
Once the generalized Coulomb logarithms are calcu-

lated, Eqs. (A1) and (A2) along with Eqs. (A3)–(A17) are

employed to recover the coefficients of interest. For a mix-

ture of a given set of ion species, they generally depend on

the relative species concentrations and the Coulomb cou-

pling parameter

C ¼ e2

kBTia
; (11)

where a � ð4pni=3Þ�1=3
. It should be noted that this definition

does not include the charge numbers, and so, in the one com-

ponent plasma (OCP), the standard coupling parameter Ca is

recovered through Ca ¼ Z2
aC. Also, for the purpose of demon-

stration, the ion species are assumed fully ionized. Finally,

unless otherwise specified, the transport coefficients are calcu-

lated in the third order Chapman-Enskog approximation (n ¼
3) by utilizing the matrix elements from Appendix A 2.

It should be noted that the transport coefficients being dis-

cussed here have, in general, a non-unity thermodynamic pre-

factor42 that we do not include. Recent refinement of the EPT

theory based on Enskog’s equation43 can be applied to model

these terms using the expressions from Ref. 44, but resulting

changes in transport coefficients are insignificant over the

range of coupling strengths being discussed here. We also

notice that the diffusion coefficients D12 and D
ðTÞ
1 alone are

not sufficient for quantitative modeling of multicomponent

plasmas. Complete expression for the diffusive flux involves

other driving terms, which are subject to thermodynamic

rather than kinetic calculation. This expression along with the

equation for evolving c is given in Appendix B.

Depending on the plasma composition, different new

features can appear in the dynamic friction and thermal

forces as compared to their weakly coupled counterparts. To

illuminate the most essential trends, we now discuss A12 and

B
ðiÞ
1 for three representative binary ionic mixtures (BIMs):

DT, D3He, and DKr.

A. Isotopic mixture

We first consider DT, which is the most common choice

for the fusion fuel. In cryogenic ICF implosions, the DT fuel

can be weakly coupled and strongly coupled with C � 6.45 In

isotopic mixtures, all the effective interaction potentials

between and within any ion species are equal and the general-

ized Coulomb logarithms depend on C only, Nðl;kÞab ¼ Nðl;kÞab ðCÞ.
For the DT case, it is therefore given by the same function as

in the one-component plasma model for hydrogen considered

in our earlier work.30

The resulting dynamic friction and the ion-ion thermal

force coefficients are shown in Fig. 1. It should first be

observed that as C approaches 10, A12 tends to unity, while

B
ðiÞ
1 rapidly diminishes. Hence, with substantial coupling, the

intuitive expression for the dynamic friction between two ion

species ~R
ðuÞ
12 ¼ l12�12n1ð~u2 �~u1Þ becomes precise. From the

diffusion perspective, it means that the ordinary diffusion

coefficient D12 can be obtained readily from Eq. (1) once the

inter-species collision frequency �12 is known.

As discussed earlier, an A12ðcÞ differing from unity

arises from higher order corrections to the distribution

FIG. 1. Dynamic friction coefficient A12 (a) and thermal force coefficient

B
ðiÞ
1 (b) for the DT mixture as functions of C for several values of c.
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function. The observed trend in A12 is thus indicative of the

role of these corrections being diminished by the ion-ion cor-

relations. This interpretation is supported by the fact that the

A12 saturation to unity takes place at the same coupling

parameters as vanishing of the thermal force, which is an

inherently higher order transport phenomenon.32–34

Although according to Fig. 1 the absolute value of B
ðiÞ
1 starts

growing after reaching 0, it remains much smaller than in the

weakly coupled case. Moreover, this trend is only observed

for C � 30 where the effective potential theory becomes

invalid.30

B. Weakly asymmetric mixture with different ion
charge numbers

When the charge numbers of the ion components differ,

the effective interaction potential depends on the concentra-

tion and C, i.e., Nðl;kÞab ¼ Nðl;kÞab ðC; cÞ, and is also different for

different a and b. In the intermediate case, when higher order

corrections to the species’ distribution functions are still

important while coupling is no longer negligible, all these

Coulomb logarithms should generally contribute to the ion

transport; e.g., for evaluating inter-ion-species transport in a

binary mixture of species “1” and “2,” one needs to know

not only Nðl;kÞ12 but also Nðl;kÞ11 and Nðl;kÞ22 .

A weakly asymmetric example of such a mixture com-

monly used in ICF experiments is D3He. Figure 2 presents

the lowest order Coulomb logarithms for this case. It can be

observed that Nð1;1Þab has an order unity dependence on the

concentration throughout the entire C range; the Coulomb

logarithms for mixtures with a trace amount of 3He

(c¼ 0.937) are about 4–5 times larger than for mixtures with

a trace amount of D (c¼ 0.143). For a fixed C, i.e., fixed

total ion density, the system consisting of just 3He demon-

strates stronger correlation effects than the system consisting

of just D since the OCP coupling scales as Z2. It is also worth

noticing that Nð1;1Þ11 and Nð1;1Þ12 coalesce in the weakly coupled

limit, in which the conventional Coulomb logarithm can be

used for all types of collisions.

According to Fig. 3, the dynamic friction and thermal

force coefficients show the same general trends as recovered

earlier for the DT mixture: A12 tends to 1 and B
ðiÞ
1 vanishes,

as the coupling parameter becomes of order unity. As in the

DT case, it means that with order unity coupling the classical

diffusion coefficient no longer has a non-trivial dependence

on the concentration when expressed in terms of the inter-

species collision frequency. However, unlike the case of the

species with equal charge numbers, the non-trivial depen-

dence on the concentration now appears in the collision fre-

quency through the Coulomb logarithm Nð1;1Þ12 as indicated by

Fig. 2.

C. Strongly asymmetric mixture

Finally, to gain an insight into diffusion at the low-Z/

high-Z interfaces, we consider the mixture of species with

largely disparate masses and charge numbers such as DKr, in

FIG. 2. Lowest order generalized Coulomb logarithms Nð1;1Þ11 (asterisks, solid

line) and Nð1;1Þ12 (circles, dashed line) in the D3He mixture as functions of C
for several values of c.

FIG. 3. Dynamic friction coefficient A12 (a) and thermal force coefficient

B
ðiÞ
1 (b) for the D3He mixture as functions of C for several values of c.

072705-4 Kagan, Baalrud, and Daligault Phys. Plasmas 24, 072705 (2017)



which the concentration dependence is expected to be even

more pronounced. We first plot the lowest order generalized

Coulomb logarithms in Fig. 4. It should be observed that we

are able to evaluate Nðl;kÞab up to C � 0:5� 10�1 only, i.e., a

coupling strength of Kr Z2C � 60, beyond which the EPT is

not expected to be accurate.

One interesting feature is that when the Kr becomes

strongly coupled, it has a significant influence on the DD

effective potential, leading to a flattening of the DD general-

ized Coulomb logarithm Nð1;1Þ11 . This behavior was not

observed for lower-Z mixtures. It is also not observed for the

case where the Kr number fraction is only about 2� 10�4 (D

mass fraction, c¼ 0.99), indicating that an impurity limit is

reached in which the small concentration of Kr does not sig-

nificantly influence the DD interaction.

The dynamic friction and thermal force coefficients for

the DKr mixture are shown in Fig. 5. One can see that the

results for c¼ 0.01 and c¼ 0.1 coalesce and are also rather

close to the results for c¼ 0.9 (except for the maximum cou-

pling being higher for larger c, which is explained earlier in

this subsection). The reason being that, due to the large

charge number of Kr, D-Kr collisions dominate over D-D up

to quite high mass fractions of D, making the D ions behave

as test particles in the swamp of Kr ions.

Plots in Fig. 5 are indicative of the same trends as were

earlier recovered for the DT and D3He mixtures. However,

unlike their weakly asymmetric counterparts, A12 and B
ðiÞ
1 do

not saturate fully to 1 and 0, respectively, over the C range

accessible with EPT. To confirm that the qualitative results

found here for the weakly asymmetric mixtures remain intact

in the strongly asymmetric case, one would need to use a dif-

ferent approach such as molecular dynamics simulations.46–49

D. Dynamic friction and thermal force coefficients
obtained with other formalisms

The above results are based on the effective binary inter-

action potential equal to the potential of mean force, as

obtained through the HNC closure. One can also use older

theories for the effective potential such as that by Debye-

H€uckel50 and Paquette.51 In Fig. 6, we compare A12 and B
ðiÞ
1

for the 50:50 DT mixture obtained from the EPT, as described

at the beginning of this section, with their counterparts

obtained from the other formalisms. Generalized Coulomb

logarithms are evaluated through gas-kinetic cross-sections as

described in Ref. 30, and the transport coefficients are com-

puted with formulas of Appendix A. Also shown is the weakly

coupled limit C! 0 considered in our earlier work.7

We see that the main trends in the dynamic friction and

thermal force coefficients are in excellent agreement, further

supporting the robustness of our conclusions. It should be

noticed from Eq. (6), however, that collisional physics enters

the momentum exchange not only through the dimensionless

parameters A12 and B
ðiÞ
1 but also through the collision fre-

quency �12. In turn, this frequency involves the generalized

Coulomb logarithm N12. As shown in our earlier work,52 N12

obtained from the effective potential theory30 gives better

FIG. 4. Lowest order generalized Coulomb logarithms Nð1;1Þ11 (asterisks, solid

line) and Nð1;1Þ12 (circles, dashed line) in the DKr mixture as functions of C
for several values of c.

FIG. 5. Dynamic friction coefficient A12 (a) and thermal force coefficient

B
ðiÞ
1 (b) for the DKr mixture as functions of C for several values of c.
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agreement with the molecular dynamics simulations than

that from the Debye-H€uckel50 and Paquette51 formalisms.

Hence, when evaluating physical observables, such as the

momentum exchange or diffusive flux, the effective potential

theory used in the present paper is preferable.

III. DISCUSSION

To understand the physics behind the dynamic friction

coefficient becoming 1 for strongly coupled plasmas, we first

discuss the physics that makes it less than 1 in the conven-

tional plasmas. For this purpose, we follow and adapt the

arguments given by Braginskii to interpret the electron-ion

friction in a simple plasma.35 Braginskii first considered

Maxwellian electrons drifting with respect to ions at the

speed ~u � ~ue �~ui and defined the effective electron colli-

sion time se so that the electron-ion friction would be written

in a simple form without numerical factors, namely

~Ru ¼ �Aeimene~u=se (12)

with Aei¼ 1. As rigorous calculation showed, however, a

numerical factor does need to be included: Aei¼ 0.51 for

Z¼ 1, 0.44 for Z¼ 2… 0.29 for Z ¼ 1. This was

explained by the Coulomb collision frequency scaling

inversely with the cube of the particle velocity. When

external force (e.g., the electric field) is applied to separate

the species, the faster electrons gain a larger velocity shift

than the slower electrons. Consequently, the electron dis-

tribution is perturbed so that the faster electrons play a

larger role in the average velocity ~u, making the friction

coefficient smaller than for the uniformly shifted perfect

Maxwellian.

This qualitative picture applies to the friction between

two weakly coupled ion species as well. Unlike the electron

and ion densities in a simple plasma, which are constrained

by quasi-neutrality, the ratio of the ion species densities in

binary ionic mixtures can take an arbitrary value. This is

why the electron-ion friction in a simple plasma is defined

by a single numerical factor that depends on the charge num-

ber of the single ion species only, whereas a function of the

relative species concentration A12ðcÞ is needed to describe

the friction between the ion species in a BIM. However, this

function is still in agreement with the physical explanation

above in that A12ðcÞ � 1 for all c as it is demonstrated in Fig.

1 of Ref. 7.

For a BIM with disparate ion masses, such as DKr, fur-

ther insights from Braginskii’s consideration can be derived.

Here, it is the modification to the light species distribution

function that governs the dynamic friction because velocities

of the heavy ions are much lower, making the details of their

distribution unimportant. In turn, when the concentration of

the heavy component is small, the distribution of the light

species is close to Maxwellian since collisions within it dom-

inate over collisions with the heavy ions. As a result, A12ðcÞ
should approach 1 together with c, as it is indeed recovered

for the DKr case in Fig. 1 of Ref. 7. For mixtures with closer

ion masses, such as DT, modifications to both distribution

functions contribute to A12, and at least for one of the spe-

cies, this modification is substantial for any given c.

Consequently, for weakly asymmetric weakly coupled ionic

mixtures, A12 < 1 for all c.

So, while A12 may become 1 even in the weakly coupled

limit, it is only possible at a certain concentration in a largely

asymmetric mixture. Furthermore, Braginskii’s explanation

seems to suggest that A12 should be different from 1 as long

as there is a non-trivial dependence of the collision fre-

quency on the particle velocity, which remains true for the

collision frequency (1) in coupled plasmas. The seeming

contradiction between the newly obtained result and the

Braginskii qualitative theory may be resolved by comparing

the plasma and collision frequencies for various coupling

parameters.

We present such a comparison for the one-component

plasma case in Fig. 7(a), where xpa ¼ ð4pnaZ2
ae2=maÞ1=2

and

Za ¼ 1 for simplicity. To make correspondence with the trans-

port properties, we also present in Fig. 7(b) the ratio of the third

to the first order approximations for the ion viscosity g and

FIG. 6. Dynamic friction coefficient A12 (a) and thermal force coefficient

B
ðiÞ
1 (b) for the 50:50 DT mixture as functions of C obtained from different

microscopic theories.
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heat conductivity k. We see that, as the plasma undergoes

transition between the weakly coupled and strongly cou-

pled regimes, the collision frequency becomes three orders

of magnitude closer to the plasma frequency to saturate at

�10�1xpa for C � 1. For the same C, the higher order

approximations for transport coefficients become unneces-

sary, and therefore, corrections to the species distribution

function become unimportant. The plasma frequency

defines the fastest time scale for collective phenomena in a

plasma, and perturbations of the distribution function capa-

ble of contributing to transport are slower. One could then

hypothesize that with �aa reaching the 10�1xpa ballpark,

such perturbations are mitigated by the collisions, and the

plasma, once Maxwellized, remains Maxwellian.

We also notice that the saturation observed in Fig. 7(a) may

be explained by the same physics: assuming that the effective

binary collision frequency �aa is a proper description for the

actual, many-body collisions in coupled plasmas, one should

expect that �aa cannot exceed a certain fraction of xpa since

these many-body collisions are also a collective plasma process.

While one can look for alternative interpretations for the

observed trend in A12, the very fact that within the EPT

framework the role of the higher order corrections is dimin-

ished with coupling has been verified by calculating a num-

ber of different transport coefficients.38,53 These include the

OCP viscosity and heat conductivity shown in Fig. 7(b) and,

in particular, the thermal force coefficient in a binary ionic

mixture presented earlier in this article. The thermal force

and closely related thermo-diffusion are known to be higher

order transport phenomena.32–34 With the higher order cor-

rections becoming insignificant, one would thus expect the

thermal force and thermo-diffusion to vanish, as has been

indeed recovered in Figs. 1(b) and 3(b) showing the

coefficient B
ðiÞ
1 for the DT and D3He mixtures, respectively.

For the DKr mixture, this trend has not been recovered fully.

However, this rather reflects a limitation of the EPT frame-

work, preventing us from accessing the same coupling

parameters for low-Z/high-Z mixtures, for which the satura-

tion has been observed in low-Z mixtures.

The plasma diffusion can be driven by the gradients of

the pressure, electrostatic potential, and the electron and ion

temperatures, as well as by the concentration gradient which

acts to relax the concentration perturbation. In neutral gases,

thermo-diffusivity is known to usually be substantially

smaller than baro-diffusivity.22 On the other hand, in our ear-

lier work, we demonstrated that in weakly coupled plasmas,

the former is comparable to, or even much larger than, the

latter.7 The present analysis suggests that in the strongly cou-

pled plasmas, the comparison may resort back to the familiar

case of the neutral gas mixture diffusion. Assuming that spa-

tial scales associated with the pressure and temperature pro-

files are similar, the newly presented result likely means that

in strongly coupled inertially confined plasmas, it is baro-

diffusion, rather than thermo-diffusion, that would underlie

diffusion-sensitive experimental observations.
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APPENDIX A: EXPLICIT EXPRESSIONS FOR THE
DIFFUSION COEFFICIENTS IN TERMS OF THE
GENERALIZED COULOMB LOGARITHMS

This Appendix provides explicit expressions for the dif-

fusion coefficients in terms of Nðl;kÞab for a plasma with N ion

species, which were used to evaluate the dynamic friction

and thermal forces through Eqs. (3) and (5). Similar expres-

sions for other transport coefficients obtained from existing

prescriptions are summarized in Ref. 37. Reference 37 also

provides the numerical routines where these expressions are

implemented and which can be used to reproduce the results

presented in this paper.

In what follows, xa ¼ na=ni and ca ¼ qa=q denote the

number and mass fractions of the ion species a, respectively,

where na and qa are the number and mass densities of the ion

FIG. 7. Collision vs. plasma frequencies (a) and higher order approximation

vs. leading order result for the viscosity and heat conductivity (b) as func-

tions of C for the hydrogen OCP.
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species a, respectively, and ni ¼
P

ana and q ¼
P

aqa are

the total number and mass densities of the ionic mixture,

respectively.

1. Matrix representation

A number of equivalent representations can be found in

the literature.32–34,36 Here, we utilize the formalism by

Ferziger and Kaper34 and use the Kramers rule to write the

nth Chapman-Enskog approximation to the ordinary and

thermo-diffusion coefficients in the form of Ref. 33

Dab½ �n ¼ �
4

25nijM
$
j

�

M
$

0;0ð Þ M
$

0;1ð Þ … M
$

0;n�1ð Þ ~vk

M
$

1;0ð Þ M
$

1;1ð Þ … M
$

1;n�1ð Þ ~0

..

. ..
. . .

. ..
. ..

.

M
$

n�1;0ð Þ M
$

n�1;1ð Þ … M
$

n�1;n�1ð Þ ~0

~dka ~0 … ~0 0

���������������

���������������
(A1)

and

D Tð Þ
a

h i
n
¼ � 2

5nijM
$
j

�

M
$

0;0ð Þ M
$

0;1ð Þ … M
$

0;n�1ð Þ ~0

M
$

1;0ð Þ M
$

1;1ð Þ … M
$

1;n�1ð Þ ~xk

..

. ..
. . .

. ..
. ..

.

M
$

n�1;0ð Þ M
$

n�1;1ð Þ … M
$

n�1;n�1ð Þ ~0

~dka ~0 … ~0 0

���������������

���������������

;

(A2)

where blocks M
$ ði;jÞ are N�N matrices, whose elements are

provided in Appendix A 2. In Eqs. (A1) and (A2), jM
$
j

denotes the determinant of the nN � nN matrix M
$

composed

of M
$ ði;jÞ. The determinants in the numerator are obtained by

appending M
$

with a row and a column that are, in turn, com-

posed of N-element vectors indicated by the arrow sign and

the last element, scalar 0. The k-th element in such a vector

is given by the corresponding expressions, in which dkl is the

Kronecker delta and vk appearing in the upper right corner in

the numerator on the right side of Eq. (A1) is equal to 0 for

k¼ 1 and dkb � ck for 2 � k � N.

In the employed formalism, the ordinary diffusion coef-

ficients are symmetric, Dab ¼ Dba, and also satisfy the con-

straints
P

acaDab ¼ 0 for b ¼ 1…N, and so, there are only

NðN � 1Þ=2 independent coefficients. Thermo-diffusion

coefficients satisfy the constraint
P

acaD
ðTÞ
a ¼ 0, and so,

there are N – 1 independent coefficients.

2. Matrix elements in terms of the generalized
Coulomb logarithms

It is convenient to introduce �N
ðl;kÞ
ab � Nðl;kÞab =Nð1;1Þab . Then,

elements of matrix M
$

can be written as follows: for the first

row of the uppermost leftmost block ði ¼ j ¼ 0; a ¼ 1Þ

M
ð0;0Þ
1b ¼ cb; b ¼ 1…N (A3)

for the first rows of the remaining uppermost blocks ði ¼ 0;
0 < j � n� 1; a ¼ 1Þ

M
ð0;jÞ
1b ¼ 0; b ¼ 1…N (A4)

and for all other elements

M
i;jð Þ

ab ¼
8 mambð Þ1=2

75Ti
dab

XN

v¼1

xaxvA i;jð Þ
av þ xaxbB

i;jð Þ
ab

0
@

1
A; (A5)

where A
ði;jÞ
ab and B

ði;jÞ
ab are related to standard bracket inte-

grals,34 and so, one can find A
ðl;kÞ
ab ¼ 3�ab=ð16nbÞ �Aðl;kÞab and

B
ðl;kÞ
ab ¼ 3�ab=ð16nbÞ �Bðl;kÞab , with �ab defined by Eq. (2) and

�A
ð0;0Þ
ab ¼ 8lb; (A6)

�A
0;1ð Þ

ab ¼ 8l2
b

5

2
� �N

1;2ð Þ
ab

� �
; (A7)

�A
1;1ð Þ

ab ¼ 8lb

�
5

4
6l2

a þ 5l2
b

	 

� 5l2

b
�N

1;2ð Þ
ab þ l2

b
�N

1;3ð Þ
ab þ 2lalb

�N
2;2ð Þ

ab

�
; (A8)

�A
0;2ð Þ

ab ¼ 4l3
b

35

4
� 7�N

1;2ð Þ
ab þ �N

1;3ð Þ
ab

� �
; (A9)

�A
1;2ð Þ

ab ¼ 8l2
b

�
35

16
12l2

a þ 5l2
b

	 

� 21

8
4l2

a þ 5l2
b

	 

�N

1;2ð Þ
ab þ 19

4
l2

b
�N

1;3ð Þ
ab � 1

2
l2

b
�N

1;4ð Þ
ab þ 7lalb

�N
2;2ð Þ

ab � 2lalb
�N

2;3ð Þ
ab

�
; (A10)
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�A
2;2ð Þ

ab ¼ 8lb

�
35

64
40l4

a þ 168l2
al

2
b þ 35l4

b

	 

� 7

8
l2

b 84l2
a þ 35l2

b

	 

�N

1;2ð Þ
ab þ 1

8
l2

b 108l2
a þ 133l2

b

	 

�N

1;3ð Þ
ab

� 7

2
l4

b
�N

1;4ð Þ
ab þ 1

4
l4

b
�N

1;5ð Þ
ab þ 7

2
lalb 4l2

a þ 7l2
b

	 

�N

2;2ð Þ
ab � 14lal

3
b
�N

2;3ð Þ
ab þ 2lal

3
b
�N

2;4ð Þ
ab þ 2l2

al
2
b
�N

3;3ð Þ
ab

�
; (A11)

�B
ð0;0Þ
ab ¼ �8l1=2

a l1=2

b ; (A12)

�B
0;1ð Þ

ab ¼ �8l3=2
a l1=2

b

5

2
� �N

1;2ð Þ
ab

� �
; (A13)

�B
1;1ð Þ

ab ¼ �8l3=2
a l3=2

b

55

4
� 5�N

1;2ð Þ
ab þ �N

1;3ð Þ
ab � 2�N

2;2ð Þ
ab

� �
; (A14)

�B
0;2ð Þ

ab ¼ �4l5=2
a l1=2

b

35

4
� 7�N

1;2ð Þ
ab þ �N

1;3ð Þ
ab

� �
; (A15)

�B
1;2ð Þ

ab ¼ �8l5=2
a l3=2

b

�
595

16
� 189

8
�N

1;2ð Þ
ab þ 19

4
�N

1;3ð Þ
ab � 1

2
�N

1;4ð Þ
ab � 7�N

2;2ð Þ
ab þ 2�N

2;3ð Þ
ab

�
; (A16)

�B
2;2ð Þ

ab ¼ �8l5=2
a l5=2

b

�
8505

64
� 833

8
�N

1;2ð Þ
ab þ 241

8
�N

1;3ð Þ
ab � 7

2
�N

1;4ð Þ
ab þ 1

4
�N

1;5ð Þ
ab � 77

2
�N

2;2ð Þ
ab þ 14�N

2;3ð Þ
ab � 2�N

2;4ð Þ
ab þ 2�N

3;3ð Þ
ab

�
: (A17)

In Eqs. (A6)–(A17), la ¼ ma=ðma þ mbÞ and lb ¼ mb=

ðma þ mbÞ, and due to symmetry properties of the bracket

integrals, �A
ði;jÞ
ab ¼ �A

ðj;iÞ
ab and �B

ði;jÞ
ab ¼ �B

ðj;iÞ
ba .34 The above expres-

sions for A
ði;jÞ
ab and B

ði;jÞ
ab with i; j � 2 are thus sufficient for

evaluating the first to third order Chapman-Enskog approxi-

mations to the transport coefficients.

APPENDIX B: EQUATION FOR THE CONCENTRATION
EVOLUTION

In this paper, we consider only the ionic mixture, and

electrons are assumed to provide the neutralizing back-

ground. Then, the complete expression for the diffusive flux

of the light ion species has the form

~i ¼ �qD rcþ kpr log pi þ
ekE

Ti
rU

� �
þ DTr log Ti;

(B1)

where U is the electrostatic potential accounting for the

ambipolar field and p is the mixture pressure. The Landau

and Lifshitz’s “classical diffusion coefficient” D54 on the

right side of Eq. (B1) is related to the ordinary diffusion

coefficient D12 of Ferziger and Kaper,34 employed in the pre-

sent work, through

D ¼ � q2

m1m2n2
i

D12 (B2)

and is also equal to the “binary diffusion coefficient” D12 of

Ferziger and Kaper.

On the right side of Eq. (B1), the so-called baro- and

electro-diffusion ratios, kp and kE, can be expressed through

derivatives of the electro-chemical potential of the mix-

ture.54,55 For non-ideal plasmas, their calculation therefore

requires a separate, thermodynamic analysis which is not

presented in this paper.

The kinetic analysis conducted in this paper is sufficient

for the main conclusions such as that thermo-diffusion

diminishes for substantial ion couplings. For practical

modeling of multi-component plasmas, one would also need

the thermodynamic terms. Then, the diffusive flux (B1) can

be evaluated from the hydrodynamic variables and species

concentration evolved with

q
@c

@t
þ q~u 	 rcþr 	~i ¼ 0; (B3)

where~u is the center-of-mass velocity.
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