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Abstract
The large electron E B´ drift (relative to the ions) in the azimuthal direction of Hall-effect
thrusters is well known to excite a strong instability. In a recent paper (Lafleur et al 2016 Phys.
Plasmas 23 053503) we demonstrated that this instability leads to an enhanced electron–ion
friction force that increases the electron cross-field mobility to levels similar to those seen
experimentally. Here we extend this work by considering in detail the onset criteria for the
formation of this instability (both in xenon, and other propellants of interest), and identify a
number of important characteristics that it displays within Hall-effect thrusters (HETs): including
the appearance of an additional non-dimensionalized scaling parameter (the instability growth-
to-convection ratio), which controls the instability evolution and amplitude. We also investigate
the effect that the instability has on electron and ion heating in HETs, and show that it leads to an
ion rotation in the azimuthal direction that is in agreement with that seen experimentally.

Keywords: Hall-effect thruster, electron drift instability, anomalous electron transport,
alternative propellants

(Some figures may appear in colour only in the online journal)

1. Introduction

Hall-effect thrusters (HETs) are one of the most important
plasma technologies used to provide propulsion for a range of
different industrial and research space missions [1]. HETs are
complex devices that display a surprising richness of physical
phenomena [2, 3], as evidenced by the many different oscil-
lations and instabilities present during typical operation.
These oscillations span a wide frequency range and include
for example, low frequency (10s of kHz) breathing-mode
[1, 4] and rotating-spoke oscillations [5, 6], medium fre-
quency (100s of kHz) transit-time oscillations [7], and high-
frequency (1–10 MHz) streaming [8] and electron drift
instabilities [9, 10] (see [11] for a more detailed list of known
HET oscillations).

Of the many oscillations, the electron drift instability
(EDI) has attracted interest for its possible role in enhancing
electron transport across the radial magnetic field [9, 12]. The
EDI is viewed as a kinetic instability that forms due to the
large electron drift velocity (relative to the ions) in the azi-
muthal E B´ direction, and represents a coupling between
electron Bernstein modes and ion acoustic waves. This
instability has been observed experimentally [13] and in 1D
[14, 15], 2D [9, 16, 17], and 3D [18, 19] particle-in-cell (PIC)
simulations. In contrast to other azimuthal instabilities such as
fluid gradient-drift modes [20] (10’s of kHz to MHz), or the
more commonly known rotating-spoke modes associated with
neutral depletion [5, 21] (10’s of kHz), which have large
wavelengths (cm’s), the EDI is a short wavelength (mm’s),
high-frequency (MHz) kinetic drift instability. Recently [12]
it has been shown that the EDI gives rise to an enhanced
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electron–ion friction force that can increase the electron cross-
field mobility by 1–3 orders of magnitude (compared with
classical electron–neutral or electron–ion Coulomb colli-
sions): in agreement with experimental results.

The EDI has previously been studied theoretically within
a HET context [10, 22] where the relevant dispersion relation
has been derived and the effect of non-Maxwellian electron
distribution functions and plasma density gradients investi-
gated. As a result of the applied magnetic field, the dispersion
relation is quantized and shows narrow wavenumber bands
within which the growth rate is positive. However, when
considering the wavenumbers that can be accommodated by
the finite HET radial channel width, this discrete spectrum
tends to be replaced by a continuous spectrum (as verified
experimentally [13, 23]) similar to that for ion acoustic
waves. This modified ion acoustic type dispersion relation has
not been studied in detail though, and a number of questions
remain unclear. For example, what are the physical criteria
leading to an unstable dispersion relation and hence the for-
mation of the instability? Can the instability be damped by
collisions with the residual neutral gas inside and in the near-
plume region of the thruster? What is the role of the ion mass
on the instability, and can different masses influence the
instability threshold? This last point is of particular impor-
tance because most HET research has been performed using
xenon, and there is renewed interest in finding alternative
propellants [24–26] that are cheaper and more easily avail-
able. Finally, experiments show the presence of periodic
erosion patterns [27, 28] on the ceramic walls of HET
channels with wavelengths similar to those for the EDI
(∼1 mm). Thus it is natural to ask whether the EDI is
responsible for the appearance of these patterns.

There also remains a worrying apparent discrepancy
when considering the EDI as the cause of the enhanced
electron cross-field transport. All previous fluid or hybrid
HET simulations require an anomalously high electron
mobility in order to get physically meaningful results and
agreement with experiment, and this is usually achieved by
artificially increasing the electron collisionality [4, 29–36].
But if this increased collisionality results from the EDI, then
one would expect that an additional electron heating term
(accounting for the power deposition by the azimuthal elec-
trostatic wave) would also be needed. Furthermore, if the EDI
is strong enough to significantly affect the electron transport,
does it have any effect on the ion transport?

In this paper we specifically aim to address the above
issues by considering in detail the modified dispersion rela-
tion for the EDI, as well as the global effects this instability
has on the charged particle transport in HETs.

2. Instability characteristics

2.1. Dispersion relation

In [12] we derived the complete dispersion relation of the EDI
for mutually perpendicular electric and magnetic fields
assuming drifting Maxwellian distributions for the electrons

and ions. To simplify the analysis this was performed using a
Cartesian coordinate system where the ‘axial’ thruster direc-
tion is along the z-axis, the ‘radial’ direction is along the x-
axis, and the ‘azimuthal’ E B´ direction is along the y-axis.
The resulting dispersion relation agrees with that indepen-
dently obtained in [10] (aside from the ion drift that we have
included) and is given by
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wave frequency, Z is the plasma dispersion function [37],
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quency, and In are modified Bessel functions of the first kind.
Depending on the plasma parameters, equation (1) can exhibit
discrete, sharply-peaked, frequency and growth rate bands as
a function of wavenumber (see for example [10, 12, 22]).

Because the azimuthal direction of a HET is closed, only
discrete values of the azimuthal wavenumber (ky in the
coordinate system used here) can meet this closed boundary
condition. However, since the wavenumbers of interest
satisfy, R2

k

1
De

y
l p~  (where R is a characteristic radius of

the thruster), the azimuthal spectrum is essentially continuous.
Similarly, the radial wavenumber (kx here) is also discrete
because of the finite width of the radial HET walls. As a
result, the minimum value that the radial wavenumber can
take is, kx R

1~
D

(where RD is the radial width of the chan-

nel). For kx R

1>
D

it has been shown previously [12, 22] that
the sharply-peaked frequency and growth rate bands in
equation (1) tend to disappear, and that equation (1) simplifies
to a modified ion acoustic type dispersion relation
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Here we have now also accounted for the effects of ion–
neutral, inn , and electron–neutral, enn , collisions using a con-

stant collision frequency model given by f
f

t c
sn s

s n=¶
¶( ) for

each species (where fs is the total distribution function), as
well as allowed for an electron drift in all directions. Note that
in this form of the dispersion relation the only role of the
magnetic field is to provide an azimuthal electron drift velo-
city. Although we will treat the complete expression in
equation (2) when investigating criteria for instability onset, it
is useful to obtain an approximate dispersion relation to elu-
cidate certain important characteristics. To do this we perform
a large argument expansion ( 1z  ) of the plasma dispersion
function [37] for the ions, Z 2i e1

2

2z p z¢ » -
z

z-( ) , and a

small argument expansion ( 1z  ) for the electrons,
Z 2 2i e 2 2i

2z p z p z¢ » - - » - -z-( ) . Thus
equation (2) becomes
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Setting iRw w g= + and solving, we obtain an approximate
dispersion relation for the EDI
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where cs
q T

M
e= ∣ ∣ is the ion sound speed. By observing

equation (5) we see that both ion–neutral collisions, and a
term consisting of the electron–ion temperature ratio (which
effectively represents ion Landau damping), act to damp the
instability. In this first order approximation it is also seen that
electron–neutral collisions do not contribute to the damping.
Since the azimuthal electron drift velocity is very high in
HETs, any instability is expected to have kk jy» ˆ, and thus

equation (5) can be further simplified in the limit that, 1T
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From this wavenumber we can then obtain simple approx-
imate formulas for the wave frequency, maximum growth
rate, and instability phase velocity
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For typical plasma densities ( 1017~ m−3) and electron tem-
peratures (∼20 eV), the instability wavelength, frequency,
and phase velocity are about 1mm, 3.5MHz, and
3000m s−1, respectively.

2.2. Instability modes

From equations (4) and (5) we see that there are two modes,
Rw
+, g+, and Rw-, g-. If we pick a wavevector, k1, which gives

0g >+ , then we see that automatically the wavevector, k1- ,
will give 0g >- and g g=- +. Consider now the group
velocity of the instability
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Similarly, the instability phase velocity in the azimuthal
direction, v

kphase
R

y
= w , is also equal for both modes. We

therefore conclude that both modes are in fact the same, and
hence that only a single unstable mode is present.

2.3. Instability thresholds

In deriving equation (2) (and subsequent approximations) we
have used a Maxwellian distribution function. In our previous
work [12] we showed that the EDI can grow very rapidly and
enter a nonlinear regime before eventually saturating. In this
regime the electron distribution is almost certainly non-
Maxwellian, and we implicitly accounted for this by con-
sidering a generalized dispersion relation coupled to a con-
servation equation for the instability energy density. This
method however does not allow the complete distribution
function to be explicitly determined. In the present section we
are not interested in this nonlinear regime, but rather in what
conditions lead to instability, for which it is sufficient to
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consider a Maxwellian distribution. If ion–neutral collisions
are negligible, then from equation (5) the growth rate for the
instability is positive only if
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This equation shows clearly that the driving force for the
instability is the flow difference, v v vdi deD = - , between the
ions and electrons. In the radial direction there is not expected
to be any significant flow difference (except perhaps in the
thin sheath regions), but we note that flow differences do exist
in both the axial and azimuthal directions. In the axial
direction ions are moving downstream whereas electrons are
moving upstream towards the anode, thus the flow difference
is effectively increased. Because of the radial magnetic field,
the electron mobility is strongly reduced, but in certain
regions of the discharge the electron axial velocity can be of a
similar magnitude to the ion axial velocity. In the azimuthal
direction the ion velocity (if any) is very small, but because
the electrons are magnetized, they experience an E B´ drift
approximately given by, vye

E

B
z

x
= . For typical electric

(2× 104 Vm−1) and magnetic (200 G) fields, this gives a
large drift velocity of about 1×106 m s−1, which is of the
order of the electron thermal velocity itself. Thus the EDI is
driven primarily by the electron–ion flow difference in the
azimuthal direction.

Although the unstable nature of the EDI has been dis-
cussed before in a number of previous works [10, 22, 55, 58],
threshold conditions for the onset of such an instability have
not been explicitly studied. Our aim here is to investigate this
onset, and to provide a simple graphical reference that can be
used to estimate whether the EDI is expected to be present for
a given set of conditions, and which wavenumbers are
unstable. Although equation (14) provides a convenient
expression for the threshold conditions of equation (2) in the
limit 1T

T
e

i
 , exact instability thresholds for the collisionless

limit ( 0snn = ) can be computed directly from equation (2)
using the Penrose criterion [38]. This states that a necessary
and sufficient condition for instability is provided by
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is a projection of the distribution function along the wave-
vector. Here fs0 is the equilibrium component of the dis-
tribution function, and u0 is the location of the central
minimum of F(u), which is located between the two peaks of
F(u): u u u1 0 2< < . Figure 1 shows the instability diagram
for a xenon plasma as a function of the temperature ratio, T

T
e

i
,

and normalized flow speed difference, v

cs

D . Here we have

assumed that the instability is predominantly in the azimuthal
direction so that kk jy» ˆ. Since, c 5000s ~ m s−1, in typical

HETs we have, 100v

cs
~D . From figure 1 we see that this falls

in the unstable region of the diagram, indicating that the EDI
will develop. In fact, since v csD > in most of the HET
channel, and for typical electron–ion temperature ratios (see
the dashed lines in figure 1), instability is predicted essentially
throughout the thruster and near-plume region (i.e. not just at
the maximum electric field location).

The Penrose criterion can also be used to determine the
range of unstable wavenumbers, k k kmin

2 2
max
2< < . Here,
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2 = ( ) is calculated from equation (15), and
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Figure 2 shows contours for the threshold wavenumber at
several values of the electron–ion flow speed difference. As
expected, the range of unstable wavenumbers broadens as the
flow speed difference increases. We also see that instability
occurs for wavenumbers of the order of k 1Del ~ (giving
wavelengths of the mm level).

The Penrose criterion only applies to collisionless plas-
mas and so cannot be used to study the effects of ion–neutral
collisions. Therefore we instead make use of the approximate
dispersion relation from equations (4) and (5) to investigate
collisional effects on the EDI instability thresholds. Figure 3
shows the pressure thresholds for a xenon plasma, and indi-
cates which values of v

cs

D are needed in order to obtain

instability for a given pressure. The vertical dashed lines show
the typical pressures near the thruster exit and anode regions
of HETs (for a mass flow rate of about 5 kg s−1 and an inner
and outer channel radius of 2 cm and 4 cm, respectively).
Within this pressure range we see that as the plasma density

Figure 1. Stability diagram for Xe+ as a function of the electron–ion
flow speed difference, v

cs

D , and electron–ion temperature ratio, T

T
e

i
.

Parameters above the curve lead to an unstable plasma. The vertical
dashed lines mark temperature ratios of 20 and 100 respectively.
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increases (contours in figure 3) the flow difference needed is
reduced, while as the electron–ion temperature ratio decrea-
ses, the required flow difference increases. Nevertheless,
since 100v

cs
~D , we see that instability is again predicted

essentially throughout the thruster. This indicates that ion–
neutral collisions are too weak to damp the instability.

2.4. Alternative propellants

Because of the cost and scarcity of xenon, there is interest in
investigating alternative propellants for HETs. Testing with
such alternative propellants has typically involved other noble
gases such as krypton [24], although more recently iodine has
been identified as a promising candidate because of its lower
cost, higher availability, and its ability to be stored as a solid
[25, 26]. The influence of the propellant (and hence ion mass)
on electron transport has however not seen any significant
research, and it is not clear if the EDI is enhanced or sup-
pressed. Figure 4 shows a stability diagram from the Penrose
criterion for Xe+ (131AMU), Kr+ (84 AMU), Ar+

(40 AMU), and He+ (4 AMU). Here helium is included to
investigate the effect of a very low ion mass. Note that due to
dissociation, an iodine plasma is expected to be dominated by
I+ ions [26]. Since these ions have a similar mass (127 AMU)
to Xe+, we have not explicitly included I+ in figure 4.
Figure 4 demonstrates that all propellants show similar sta-
bility behavior, but that the onset conditions can be sig-
nificantly reduced for lower mass ions.

Figure 5 shows the pressure thresholds for the same
propellants as in figure 4. Here we have assumed that the ions
are moving at the ion sound speed, and have used approx-
imate collision cross-sections at this speed taken from [40].
Similar to figure 4 we see that the onset conditions for
instability are reduced for lighter ions, and that the unstable

region is broader. This again suggests that the EDI is likely to
play a role in HETs using alternative propellants.

3. Transport effects

3.1. Plasma kinetic equation

In sections 2.3 and 2.4 above we have studied conditions
leading to the onset of the EDI in HETs, but we have not
addressed the macroscopic consequences of this instability. In
sections 3.3–3.8 below we will investigate the effect that the
EDI has on the macroscopic plasma transport equations by
considering the velocity moments of the relevant plasma
kinetic equation. The macroscopic transport effects of kinetic
instabilities have been studied previously by a number of
other authors for fusion applications [41], hollow cathodes
[42], magnetoplasmadynamic thrusters [43], and fundamental
plasma physics [44, 45]. Here it is generally found that such
instabilities lead to increased charged particle heating, as well
as enhanced collisionality. In this section our aim is to
investigate the macroscopic effect that the EDI has on the
particle transport in HETs, and to provide simple order of
magnitude estimates for determining the importance of these
effects. Although the impact of the EDI on the electron
momentum conservation equation has already been pre-
viously discussed in a HET context [12, 55], section 3.5
briefly highlights some of the main conclusions for
completeness.

In the presence of electrostatic oscillations, the electric
field and particle distribution functions can be separated into
equilibrium (E and fs) and fluctuating components ( Ed and
fsd ), and the kinetic equations for the equilibrium and fluc-
tuating components can then be written as [46, 47]
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where
f

t sn

s¶
¶( ) is a collision operator for collisions between

charged particle species s and neutrals. As can be seen in
equation (18), the effect of electrostatic fluctuations is to add
an additional term to the right-hand side which represents the
correlation between any oscillations in the electric field and
the distribution function. This term effectively represents a
friction force between charged particle species, and in the
presence of a stable plasma consisting of electrons and ions,
leads to the standard Coulomb collision formula. For com-
pleteness, and to further emphasis this point, we will rederive

Figure 2. Wavenumbers leading to instability as a function of the
electron–ion temperature ratio, T

T
e

i
. The curves correspond to different

electron–ion flow speed differences, v

cs

D . Parameters below the

curves lead to an unstable plasma.
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this formula in section 3.4 below. In an unstable plasma
however, this standard Coulomb collision formula no longer
applies and any instabilities can effectively enhance the
electron–ion collisionality by orders of magnitude, as was
recently demonstrated in a HET context in [12], and as we
again show in section 3.5. In equations (18) and (19) we have
ignored the presence of any fluctuating magnetic field in order
to focus on electrostatic modes that have previously been
observed in PIC simulations. Some studies however have
suggested that fluctuating magnetic fields produced within the
plasma might also contribute to an enhanced transport [48].

3.2. Instability convection

Before considering how the EDI affects the macroscopic
particle conservation equations, we briefly discuss convection
of the instability. In HETs the EDI initially grows in time
before eventually saturating [12, 15]. At the same time it also
continuously convects away in space. This growth and con-
vection can be studied by considering a conservation equation
[49] for the instability energy density (where W E 2dµ ∣ ∣ ),

W

t
W Wv 2 . 20g g

¶
¶

+  =· ( ) ( )

Figure 3. Electron–ion flow speed differences leading to instability as a function of neutral gas pressure for electron–ion temperature ratios of
(a) 20T

T
e

i
= , and (b) 100T

T
e

i
= . The curves correspond to different plasma densities in units of (m−3). Parameters above the curves lead to an

unstable plasma. The vertical dashed lines mark pressures of 0.03mTorr and 3mTorr, respectively.

Figure 4. Electron–ion flow speed differences leading to instability
as a function of electron–ion temperature ratio. The curves
correspond to the different ions indicated: Xe+, Kr+, Ar+, and He+.
Parameters above the curves lead to an unstable plasma.

Figure 5. Electron–ion flow speed differences leading to instability
as a function of neutral gas pressure. The electron–ion temperature
ratio is 20T

T
e

i
= , and the plasma density is 1017m−3. The curves

correspond to the different ions indicated: Xe+, Kr+, Ar+, and He+.
Parameters above the curves lead to an unstable plasma.
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Here the first term on the left-hand side represents growth of
the instability in time, while the second term represents
convection in space. In HETs the group velocity of the EDI is
dominated by the axial ion drift velocity (see equation (11))
so we can approximate, v vg zi» , and thus

W

t
W

z
v W W

v W

L

W
2 2 1 .

21

zi
zi

gacc
g g

t
a

¶
¶

» -
¶
¶

» - = -( ) ( )

( )

Here g
1

2
t =

g
, c

L

vzi

acct = , v

L2
g

c

zi

acc
a = =t

t g
, and Lacc is a char-

acteristic length representative of the HET acceleration
region. Consider now what happens when the instability first
forms. If 1a  , we see that the instability has a very long
time to grow before it is convected away, indicating that the
instability amplitude can reach very high levels. After a few
growth times however the instability will reach a nonlinear
regime and will eventually saturate leading to 0W

t
=¶

¶
. PIC

simulations suggest that this saturation occurs because of ion-
wave trapping in the azimuthal direction [14, 15]. This regime
was recently treated in [12]. For 1a > the instability cannot
grow, while for, 1a = , wave growth is just balanced by
convection so that again we have, 0W

t
=¶

¶
(the instability can

still grow in space though), but are now in a quasi-linear
regime. This regime has been treated previously in the context
of two-stream instabilities in plasmas with multiple ion spe-
cies [50].

Since the parameter α controls the instability regime (i.e.
quasi-linear or nonlinear) it also to a large extent determines
the instability amplitude and subsequent effects on particle
transport. It is therefore interesting to consider how this value
depends on typical HET parameters. We can approximate the

ion drift velocity as, vzi
qV

M

2 D» (where VD is the discharge

voltage), and the electron azimuthal drift velocity as,
vye

E

B

V

B L
z

x

D

x acc
= » . Then using equation (9) for the maximum

growth rate, and simplifying, we obtain

T

V

27
. 22e

D

ce

pe
a

p
w
w

» ( )

Interestingly, this does not depend directly on the ion mass
(although the choice of VD, Te, and ne, are likely to depend
indirectly on the mass) or the system geometry to zeroth
order. A common rule of thumb [1] for HETs is that 0.1T

V
e

D
~ ,

and thus equation (22) becomes

. 23ce

pe
a

w
w

~ ( )

Since ce pew w in most HETs, we have that 1a  , and thus
that the EDI can be expected to grow to very large amplitudes
and hence enter the nonlinear regime. In fact we see from
equation (23) that only the magnetic field strength and plasma
density play a role in this transition. If the magnetic field is
increased too far, then 1a  and the strength of the
instability is expected to be significantly reduced. If this
occurs, the enhanced electron–ion collisionality associated
with the instability will also be strongly diminished, as well as
the consequent electron cross-field transport. Depending on

the operating conditions, it is possible that this could lead to
intermittent/unstable thruster operation because of insuffi-
cient electron current to sustain the discharge. This cascade of
events effectively occurs because the azimuthal electron drift
velocity (and hence instability growth rate) is reduced with
higher magnetic fields. Interestingly though, as long as the
ratio 0.1T

V
e

D
~ is maintained, increasing the discharge voltage

to compensate does not seem to be an option. Fundamentally
this is because increasing the discharge voltage will also
increase the axial ion velocity, and hence the instability
convection rate. Note that as the instability evolves in time,
both the electron and ion distribution functions are expected
to be modified, which would in turn change the growth rate.
Thus the analysis above is only an approximate estimate, but
one which nonetheless highlights the importance of instability
convection and nonlinear effects.

In deriving equation (23) we have chosen the accelera-
tion region as a convenient characteristic location, and used a
representative ion velocity that most likely overestimates the
true value in this region. Since the initial growth rate of the
EDI is also high outside of the acceleration region, and since
the ion velocity there could be lower, there may well be
another location in the thruster where the growth-to-convec-
tion ratio (i.e. α) is in fact lower. This would imply that the
instability has an even longer relative time to grow before
being convected away, which further emphasizes our con-
clusion in this section.

It is interesting to note that the scaling in equation (23)
has been observed numerically to play a role in HET opera-
tion. In [51] 2D PIC simulations of the z–θ directions of a
HET were conducted with a scaling factor to artificially
increase the permittivity of free space (so as to reduce com-
putational requirements). As the scaling factor was reduced
below a certain value, a transition was observed leading to
large changes in the plasma properties and electron mobility.
This transition was found to depend on the ratio, ce

pe

w
w

, which is

identical to our expression for α. Since changing the
permittivity of free space alters pew , this serves to again
highlight the importance of the ratio of instability growth-to-
convection.

3.3. Electron and ion continuity equations

The particle continuity equations are obtained by integrating
equation (18) over all velocities to obtain

n

t
n S

x
v , 24s

s ds sn
¶
¶

+
¶
¶

=· ( ) ( )

where ns and vds are the particle density and flow/drift
velocities respectively and Ssn is a source term accounting for
collisions with neutral particles only (i.e. such as ionization).
The correlation term on the right-hand side of equation (18)
vanishes during integration because the distribution function
must go to zero at infinite velocities. The result in
equation (24) is trivial and simply demonstrates the fact that
electron–ion collisions do not create or destroy particles, nor
do they cause an interchange between particle species. Thus
the EDI has no effect on the particle continuity equations.
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3.4. Electron momentum conservation equation: stable plasma

The electron momentum conservation equation is found by
multiplying equation (18) by mv and again integrating over
all velocities

t
mn mn

qn

v v v

E v B R R 25

e de e de de

e de e en eiP

¶
¶

+ 

= + ´ -  + +

( ) · ( )

( ) · ( )

with

q nR E 26ei ed d= á ñ ( )

and where eP is the electron pressure tensor, and Ren is the
momentum loss due to electron–neutral collisions. The elec-
tron–ion friction force density, Rei

LB, for a stable plasma (i.e.
where the EDI is not present) can be determined by directly
computing the correlation of density and electric field fluc-
tuations associated with individual particles using the mean
field response functions. This leads to the momentum moment
of the Lenard–Balescu equation [52, 53]:

q v f vm C f fR E vd d ,ei e e i
LB 3 3

LBò òd d= á ñ = ( ), where

C f f v

f

M
f

f

m
f

v
v

v
v

, d

27

e i
ei

e
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i
e
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 ¢ -
¢
¢

⎛
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⎞
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( ) ·

·
( )

( )
( )

( ) ( )

is the Lenard–Balescu collision operator, and

Z e

m
k

k

Z e

m

u

u

kk k u
k k v

uu

2

4
d

,

2 ln

4
. 28

ei

o
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2 4

0
2

3
4 2
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2

2
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







òp
d

e
p
p

=

»
L -

( )
( · )

∣ˆ ( · )∣

( )
( )

Here e q= ∣ ∣, Z is the ion charge number, u v v= - ¢ and the
second form follows from taking the dielectric response to be
the adiabatic value for a stable plasma: 1

k

1
2

De
2e » +

l
ˆ .

Assuming the electron and ion distribution functions are
shifted Maxwellians, and carrying out the six velocity inte-
grals, leads to (see appendix A of [54]):

n m
v

v

v

v
R v

3

4
, 29ei e ei

ei

ei

LB
3

3

2

2
n

p
y= - D

D
D⎡

⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

¯
¯

( )

where

Z e n

mm v

16 ln

3 4
30ei

i

ei ei

2 4

0
2 3

n
p
p

=
L

( ) ¯
( )

is the standard electron–ion collision frequency. Here,
v v v vei Te Ti Te

2 2 2 2= + »¯ , m mei
mM

m M
= »

+
is the reduced mass,

lnL is the Coulomb logarithm, and
x t t t x x xd exp erf exp

x2

0

2
òy = - = - -

p p
( ) ( ) ( ) ( )

is the Maxwell integral.
Typically, one is concerned with the slow flow limit

1v

vei

D 
¯

, in which case the term in square brackets in

equation (29) asymptotes to 1, returning the familiar expres-
sion for friction in a plasma. However, in the azimuthal
direction of a HET this is not an appropriate expansion
because 1v

v

v

vei

ey

Te
» »D

¯
. In this case, the term in square

brackets in equation (29) is approximately 0.57 (see figure 1
of [54]). As a consequence, an estimate for the magnitude of
the stable plasma electron–ion friction force density in the
azimuthal direction is

R n m v
n q

T
0.57

2.7 ln

4
, 31ei y e ei Te

e

e
,

LB
2 3

0
2

n
p

» »
L∣ ∣

( )
( )

where we have used quasi-neutrality so that n ni e» , and
assumed singly charged ions so that Z=1.

3.5. Electron momentum conservation equation: unstable
plasma

In the case of an unstable plasma, equations (25) and (26) still
equally apply, but the resulting final expression for
equation (26) is different. Since we have previously treated
this case in detail in [12] we quote only the final result here,
which is obtained by considering the dispersion relation for
the EDI, the Vlasov equation for the fluctuating electron
distribution component (i.e. fed ), and the conservation
equation for the instability energy density,

q n E

mv k

q

c
n TR j v j

4 6

1
.

32

ei
e

Te y s
di e e

IE
2 2

2

p b d
= - = - 

∣ ˜∣ ˆ ∣ ∣ ∣ · ( )∣ ˆ

( )

Here the superscript IE refers to instability-enhanced, β is a
variable representing the portion of the electron distribution
function at the wave resonance (see [12] and/or section 3.6
below), and Eyd∣ ˜ ∣ is the amplitude of the instability electric
field (assuming a single dominant sinusoidal mode at the
wavevector giving the maximum growth rate). We have
written two expressions in equation (32) because both will be
needed in the sections below. The direction and sign of Rei

depends on the coordinate system used, as well as the
direction of the electron azimuthal drift. In the coordinate
system adopted here (see section 2.1) the friction force is in
the azimuthal direction, and acts in the opposite direction to
the electron drift, since it represents an electron–ion friction
force (i.e. a momentum loss).

To demonstrate the importance of the EDI, we compare
the magnitude of the instability enhanced electron–ion fric-
tion force (Equation (32) with R Rei ei

IE IE= ∣ ∣) to the standard
value for a stable plasma (equation (31)). To do this we
approximate the derivative in equation (32) as

n T v n Tvdi e e z iz e e
v n T

L

d

d
iz e e

acc
 » »· ( ) ( ) , and viz

q V

M

2 D» ∣ ∣ , and

we then obtain

R

R

V

T

T

q n L
8.4

ln
. 33ei

ei y

D

e

e

e

IE

,
LB

0
2 2

2
acc


»

L
( )

For n 5 10e
17= ´ m−3, T 20 eVe = , L 1 cmacc = , and

V 300 VD = , we obtain 500R

R
ei

ei y

IE

,
LB ~ . Thus the instability

enhanced electron–ion friction force is orders of magnitude
higher than that due to standard electron–ion Coulomb
collisions.
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3.6. Electron energy conservation equation: stable plasma

Multiplying equation (18) by mv1

2
2 and integrating over all

velocities gives the electron energy conservation equation

t
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where Qe is the heat flux, Pen is the energy loss from electron–
neutral collisions, and Pei is given by

P q vv
f

E
v

1

2
d . 35ei

e3 2ò d
d

= -
¶
¶

· ( )

Like the friction force calculated in section 3.4, Pei can be
computed from the appropriate correlation of fluctuating
quantities associated with individual particles in the mean
field response approximation. Here, this leads to the energy
moment of the Lenard–Balescu equation [52, 53]:
P v mv C f fd ,ei e i

LB 3 1

2
2

LBò= ( ). Applying equations (27) and
(28) and integrating by parts twice, first to remove the leading
velocity-space gradient and second to remove the velocity-
space gradients of fe and fi, leads to
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Assuming the electron and ion distribution functions are
shifted Maxwellians and carrying out the six velocity inte-
grals leads to
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where Rei
LB is given in equation (29). Typically, one is con-

cerned with the slow flow limit, 1v

vei

D 
¯

, in which case the

first term in equation (37) is negligible and the term in square
brackets asymptotes to 1, returning the familiar expression for
temperature relaxation in a plasma. Here, we are interested in
the situation where 1v

vei
»D

¯
. In this case the term in square

brackets takes a values of approximately 0.75, and Rei is
given by equation (31). Choosing the reference frame to be
the ion fluid (so v 0di = ), and the electron flow speed to be
v vde Te» (note that we show in section 3.8 that the ions flow
at a fraction of cs, which slightly reduces this estimate for the
electron flow in the ion rest frame, but this has a negligible
correction to the results of this section), and using v vei Te»¯ ,
the first term in equation (37) is found to be 1T

T
i

e
 smaller

than the second term (see section 3.9). With these, we have

P
m

M
R v4 38ei ei y Te

LB
,

LB» ( )

as an estimate for the electron–ion energy exchange rate. Note
that this returns the familiar result from Coulomb collision
theory that electron–ion energy exchange occurs more slowly
than momentum exchange (i.e. friction) by a factor of the
electron–ion mass ratio: m

M sn n~ . Accounting for the large
drift only influences the numerical factor in front of this
expression.

3.7. Electron energy conservation equation: unstable plasma

Assuming that the instability is predominantly in the azi-
muthal direction, we can use integration by parts (noting that
the boundary terms go to zero at infinity) with equation (35)
to obtain

P q E vv f J Ed . 39ei y y e y y
IE 3òd d d d= á ñ = á ñ ( )

Assuming that the instability is dominated by a single mode at
the wavenumber of maximum growth rate, we can use sinu-
soidally varying quantities in time such that,
E ERe ey y

k y ti y Rd d= w-{ ˜ }( ) , f fRe ee e
k y ti y Rd d= w-{ ˜ }( ) , and

hence P J E J EReei y y y y
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2
*d d d d= á ñ = { ˜ ˜ }. Using these expres-

sions in equation (19) [12] and (39) we get
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Because the EDI is in the nonlinear regime, the equilibrium
distribution function is unlikely to be Maxwellian. In [12] we
accounted for this by using a generalized distribution given
by
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where g is some function. Defining u
v

v vde

Te
= - , using

equation (42), and simplifying, equation (41) becomes

P
q n E

mv k
u

u

u

G

u
Re

2
d

i d

d
. 43ei

e y

Te y

IE
2 2

ò
d h

z
= -

+

--¥

¥




 

⎧⎨⎩
⎫⎬⎭

∣ ˜ ∣ ( )
( )

Here G
ug u

u g

u

u

d ,

d

2

3
= ò

ò ¢ ¢

^ ( )

( )
with uP parallel to ky and û perpend-
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where P represents the principal value of the integral. Taking
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the real part yields
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where we have introduced the definition (see also [12]),
G
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. Substituting the magnitude of the first expression

in equation (32) into (45) we have
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Here R R 0ei ei
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equation (46) becomes
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phase

w
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Thus we have the satisfying result that the power deposition is
given by the enhanced friction force multiplied by the
instability phase velocity. In addition this power deposition is
negative indicating that the instability takes energy from the
electrons, which intuitively makes sense since the electrons
lose momentum in the azimuthal direction.

We can ask how the magnitude of this new power
deposition term compares with the power absorption due to
the equilibrium electric field: P qn v Ee deabs = . Since the elec-
tric field is largest in the axial direction, this power deposition
term simplifies to P qn v Ee ez zabs » . From [12] we showed that
the enhanced electron–ion friction force gives rise to an
increased electron mobility that can approximately be written
as
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If we assume that the electron–neutral collision frequency is
negligible, this reduces to
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Thus
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Therefore, as a result of the instability the axial electron
power deposition is enhanced and is given by the enhanced
friction force multiplied by the azimuthal electron drift
velocity. But

P
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v
. 51ei
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Since vphase is of the order of cs (see section 2.1), we therefore

see that 1
v

vye

phase  , and hence 1P

P
ei
IE

abs
 . This demonstrates

that the extra term in the electron energy conservation
equation is expected to be negligible, and so long as the effect

of the instability is included in fluid simulations via an
enhanced mobility/collisionality/friction force in the electron
momentum conservation equation, the effects of the
instability appear to be ‘fully’ captured. This explains why
previous fluid simulations have been able to reproduce
experimental results by simply adding an anomalous electron
mobility [36, 55, 56].

The above result is interesting because it shows that
despite the instability being in the azimuthal direction, the
main power deposition is in the axial direction. This occurs
because in the azimuthal direction the electric field and per-
turbed electron current density are oscillating in time, so at
some points in the cycle there is an energy gain, and at others
there is an energy loss (overall though there is still a net loss).
By contrast, because of the magnetic field, the electron
motion in the azimuthal direction is coupled to the axial
direction, so the enhanced scattering in the azimuthal direc-
tion leads to an enhanced drift velocity in the axial direction.
This, together with the temporally constant (on instability
time scales) axial electric field, means that the electron energy
gain in this direction is always positive, and so can be sig-
nificantly larger than that in the azimuthal direction.

Finally, we compare the power transferred between
electrons and ions via the wave-mediated interaction with the
standard Coulomb collision rate. Equations (38) and (47)
provide
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This shows that although the energy transferred by standard
electron–ion collisions is m

M
smaller than the momentum

transferred, energy transferred via interaction with the waves
is not reduced by this scaling. However, the relevant wave
speed is v vm

M Tephase » , compared to vTe, so the overall mass

scaling of the ratio of the power exchanged from each

mechanism is M

m
. Equation (33) showed that 500R

R
ei

ei

IE

LB ~ , so

2.5 10P

P
5ei

ei

IE

LB ~ ´ . Since Pei
IE is already small compared to the

power absorbed by the equilibrium electric field, this shows
that power exchanged between electrons and ions by standard
Coulomb collisions is truly negligible.

3.8. Ion momentum conservation equation

Because the EDI leads to an enhanced electron–ion friction
force, by momentum conservation this should also lead to an
enhanced ion–electron friction force which is equal in mag-
nitude but opposite in direction (i.e. R Rie ei= - ). The ion
momentum conservation equation is

t
Mn Mn qn

M n

v v v E v B

v R R , 53

i di i di di i di

i m i di in ienP

¶
¶

+  = + ´

-  - + +

( ) · ( ) ( )

· ( )

where Rin is the momentum loss due to ion–neutral collisions.
In order to get a simple idea of the effect of the enhanced ion–
electron collisions, we ignore time variations in equation (53),
as well as ion–neutral collisions, and assume unmagnetized
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ions with an isotropic pressure tensor. Since the instability is
mainly in the azimuthal direction, equation (53) becomes

x
Mn v v

y
Mn v

z
Mn v v

qn E
p

y
R j . 54

i xi yi i yi i yi zi

i y
i

ei

2

IE

¶
¶

+
¶
¶

+
¶
¶

= -
¶
¶

-

( ) ( ) ( )

· ˆ ( )

Here we have also substituted, R Rie ei
IE IE= - . If there are no

significant large scale spatial gradients in the radial and azi-
muthal direction, equation (54) can be simplified to give

z
Mn v v R j

d

d
. 55i yi zi ei

IE= -( ) · ˆ ( )

Substituting the second expression for the electron–ion fric-
tion force in equation (26), while using quasi-neutrality so
that n ne i» and using vv kdi zi» ˆ we obtain

z
Mn v v

q

c z
v n T

d

d 4 6

1 d

d
. 56i yi zi

s
zi i e=( ) ∣ ∣ ( ) ( )

Now along the length of the thruster the ion flux towards the
exit increases from zero, and thus we can approximate the
derivatives as: n v v

z i zi yi
n v v

L

d

d
i zi yi

acc
»( ) , and n v T

z i zi e
n v T

L

d

d
i zi e

acc
»( ) .

Thus we can solve for the azimuthal ion velocity from
equation (56) to obtain

v
c

4 6
. 57yi

s» ( )

As a result of the instability, ions undergo a rotation in the
azimuthal direction with a velocity about ten times smaller
than the ion acoustic speed. Since the electron–ion friction
force acts to oppose the electron azimuthal drift, and since the
ion–electron friction force is opposite to the electron–ion
friction force, the ions drift in the same direction as the
electrons. For a typical electron temperature of, T 20 eVe = ,
xenon ions would rotate with a velocity of about 400m s−1.
In [57] ion rotation has indeed been measured in a HET. The
magnitude of this ion rotation was found to be between about
200 and 600m s−1, which is consistent with what is predicted
here, and which is much higher than can be explained due to
any residual magnetic field effects. Thus the present
instability theory offers a possible reason for this ‘anomalous’
ion rotation.

3.9. Ion energy conservation equation

Although we saw above that the enhanced friction force does
not produce any significant additional electron power
deposition, this occurred in large part because the electrons
are magnetized and so the azimuthal and axial directions are
coupled. For the ions which are unmagnetized, this is no
longer the case and so we can ask whether the instability leads
to ion heating. The ion energy conservation equation is

t
n T m n v n T

m n v qn P

q

v v v E

3

2

1

2

5

2

1

2
. 58

i i i i di i i i

i i di di di i di ie

2

2 P

¶
¶

+ +  +

+ + = +

⎜ ⎟ ⎜

⎟

⎛
⎝

⎞
⎠

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

·

· ( )

If we use a similar analysis to that in section 3.6 for the
enhanced electron power deposition term Pei

IE, we will obtain

P P R v . 59ie ei ei
IE IE IE

phase= - = ( )

This result logically makes sense, because the friction force
term previously calculated in [12] was derived for a saturated
instability indicating that the wave energy density no longer
increases. Thus any energy loss by electrons due to the
instability must equal the energy gain by ions. To get an
approximate idea of the effect of this energy gain we simplify
equation (58) by ignoring any time variation, neutral colli-
sional-energy losses, large scale gradients in the radial and
azimuthal directions, the ion heat flux, and the stress tensor.
Thus we obtain

z
q n T m n v v q n v E R v

d

d

5

2

1

2
.

60

i i i i di zi i zi z ei
2 IE

phase+ = +⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥∣ ∣ ∣ ∣

( )

Since the ion drift energy is mainly in the axial direction we
set v vdi zi

q V

M
2 2 2 D» » ∣ ∣ , and also approximate the derivative as

z L

d

d

1

acc
» . Similarly, Ez

V

L
D

acc
» . Substituting for Rei

IE and sim-

plifying, we get

T
T v

c

5

2 4 6
. 61i

e

s

phase= ( )

But since v
kphase

R

y
= w , we have from equations (7) and (8) that

v csphase
2

3
= . Thus equation (61) becomes

T
T

30
. 62i

e= ( )

Since the electron temperature in HETs is about 20–30 eV,
we see that the instability leads to ion heating with a temp-
erature of almost 1eV. We note that the above is just an
approximate estimate of the heating effect due to the
instability itself. Ion heating in the axial direction is already
well known to occur because of the broad overlap between
the ionization and acceleration zones [57].

4. Wall erosion

Life-time tests of a number of HETs have shown the
appearance of periodic erosion patterns on both the inner and
outer ceramic channel walls (see for example [27]). These
periodic patterns have a wavelength of about 1 mm as well as
a very slight azimuthal inclination, but the reason for their
presence remains unknown. It is interesting to note that the
wavelength of the EDI studied here is also of the order of
1mm. Furthermore, at saturation the EDI is characterized by
oscillations in the plasma density of about 20%–30%, as well
as the appearance of a population of very high energy ions
which become trapped by the electrostatic wave [9, 12, 14–
16]; factors that could both conceivably lead to an enhanced
erosion rate on the channel walls.

Although the EDI is predominately in the azimuthal
direction, it undergoes convection in the axial direction
because of the large ion drift due to acceleration by the
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applied discharge voltage (see sections 2.2 and 3.2). For an

ion with a velocity of, vzi
q V

M

2 D» ∣ ∣ , and an acceleration

length inside the thruster of L 1 cmacc » , the time taken for
the instability to convect out of the thruster is, z

L

vzi

acct ~ .

Because the speed of the instability in the azimuthal direction
is about cs (see equation (10)), in a time zt it will have pro-
pagated a distance, L cy z st= . For an electron temperature of
20eV and a discharge voltage of 300V, this gives a distance
of only 1.8mm (and hence an azimuthal inclination of about
10°). Thus the instability only travels a very short distance in
the azimuthal direction before leaving the thruster, and would
give the appearance of a standing wave on these time scales
(consistent with the erosion patterns observed experimen-
tally). However it is unclear yet what determines the initial
phase of the instability. If the phase is determined by the
thruster operating conditions/geometry, then the apparent
standing wave pattern would persist over longer time scales
and lead to a definite time-averaged structure. But if the phase
is random, then successive waves would be expected to
cancel any coherent structure so that the time-averaged ero-
sion would be uniform. Furthermore, in our discussion above
we have assumed a single mode. If multiple non-coherent
modes are present then an erosion pattern would only be
expected if one of the modes is dominant (with the largest
amplitude occurring at the wavenumber giving the maximum
growth rate for example). Although a dominant mode has
been observed in PIC simulations [9, 14–17], it is not clear
yet if such a mode leads to a coherent time-averaged structure.
Further work is needed to clarify these issues.

5. Discussion and conclusions

5.1. Instability onset

In section 2 we have studied in detail the onset conditions
leading to the formation of the EDI in HETs. The large azi-
muthal electron drift velocity provides the driving force for
the instability which develops essentially throughout the
thruster and near-plume regions. Furthermore, ion–neutral
collisions are too infrequent to damp the instability, which
suggests that the EDI is expected to be present in most HETs.
Since the use of lighter ions reduces the required onset con-
ditions for this instability, alternative propellants are unlikely
to change this conclusion. In performing these stability ana-
lyses we have made use of the modified ion acoustic dis-
persion relation (equation (2)) instead of the full discrete
dispersion relation (equation (1)), which is justified based on
previous theoretical/numerical studies [12, 22]. Even if
conditions are encountered where this is no longer strictly
true, the maximum growth rate for the full dispersion relation
always appears to be higher than that for the ion acoustic
relation [12, 22], hence suggesting that the full dispersion
relation will be unstable if the ion acoustic dispersion relation
is. Although we have not directly considered secondary
electron emission in our present analysis, 2D PIC simulations

[16] have shown that such emission does not appear to sig-
nificantly damp the EDI.

5.2. Instability convection

By considering the balance between instability growth and
convection in section 3, we have identified an additional non-
dimensionalized scaling parameter for HETs, ce

pe
a ~ w

w
. As

1a  , either because of an increased magnetic field or a
decreased electron density, the effect of the instability on the
macroscopic plasma transport is reduced. If the magnetic field
is increased too far, the instability becomes too weak and the
associated electron–ion friction can no longer enhance the
electron cross-field transport. Since α is a function of both the
electron density, and the permittivity of free space, the
introduction of scaling factors in PIC simulations (in order to
reduce computational times) will alter the instability
evolution.

5.3. Plasma transport

In section 3 we investigated the effect of the EDI on the
macroscopic plasma transport. In addition to an electron–ion
friction force enhancing the electron cross-field mobility, the
instability also leads to an ion rotation in the azimuthal
direction that is in good agreement with that seen experi-
mentally. Because of the magnetic field, the additional elec-
tron power deposition by the instability in the azimuthal
direction is insignificant compared with that in the axial
direction. From this we deduce that the anomalous electron
energy loses used in the hybrid simulations in [4, 29, 30] must
occur due to a different physical reason, and is most likely
associated with electron energy losses and secondary electron
emission at the radial thruster walls. For the ions which are
unmagnetized, the power deposition by the instability can be
important, and we predict that this can lead to ion heating. We
highlight though that the effects of the instability on the ion
transport (both ion rotation and heating) have been deduced in
a very simple way and serve only as estimates. For example,
although an anomalous ion rotation was experimentally
measured in [57], the location of the hollow cathode was
found to affect some of the results, thus possibly indicating a
residual radial electric field effect. Furthermore, large scale
gradients in the azimuthal direction, such as due to rotating
spokes, could also very likely lead to an ion rotation.

5.4. Landau damping

Recent work [58] has suggested that an apparent discrepancy
exists when considering the EDI as the cause of the anom-
alous electron transport in HETs. Since the azimuthal electron
drift velocity (and hence instability growth rate) is largest in
the acceleration region, one might also expect a very high
anomalous scattering rate in this region. However, exper-
imental measurements suggest that it is in fact the lowest in
this region. Since relatively high ion temperatures [57, 59] (of
a few eV) have been measured in HETs, [58] has made the
interesting proposal that ion Landau damping from the main
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ion beam reduces the instability growth and scattering, and
that it is instead an instability associated with the presence of
a second, lower energy, ion population that is responsible.
Since this second population is mainly important outside of
the acceleration region, anomalous scattering is small inside
the thruster and largest downstream.

It is interesting to note though that the enhanced electron
scattering found in section 3.5 (and discussed in more detail
in [12]) already offers a second possible explanation for the
above mentioned discrepancy. By considering the nonlinear
effect of the instability on the electron distribution function
[12] (which is significantly different from the Maxwellian
used in [58]), the electron scattering in the acceleration region
is naturally found to be low. This can be seen directly from
equation (32). In the acceleration region the ion flux n vi zi

(n ne i» ) begins to saturate as most of the propellant is
ionized, while the electron temperature reaches a maximum.
Thus the derivative v n T

z zi i e
d

d
( ) is low in this region, and hence

so too is the electron scattering force (i.e. Rie
IE). Physically, in

this region of the discharge, although the instability amplitude
is high, the electron density oscillations are almost completely
out-of-phase with the electric field oscillations, resulting in a
very low time-averaged scattering force [12]. Because of the
typical spatial variation of the plasma properties though, the
derivative v n T

z zi i e
d

d
( ) is not expected to be low/zero down-

stream of the thruster, and so as long as the instability is able
to grow to large amplitudes (which would occur if 1a  ),
enhanced electron transport should occur in this downstream
region.

Although it is still true that high ion temperatures have
been measured in HETs, these measurements are of the axial
temperature. Since the instability is predominantly in the
azimuthal direction, it is the azimuthal ion temperature which
would be expected to determine the Landau damping rate.
Both the present work, and that in [58], have however
assumed isotropic ion distributions. Further work is needed to
clarify the role of anisotropy in the ion distribution.
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